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1 Introduction 

An asymptotic cone of a metric space is, roughly speaking, what one sees when one looks at the 
space from infinitely far away. More precisely, any asymptotic cone of a metric space (A, dist) 
corresponds to an ultrafilter u>, a sequence of observation points e = (e n )„ e N from X and a 
sequence of scaling constants d = (d n )neN diverging to oo. The cone Con(A; e, d) corresponding 
to e and d is the cu-limit of the sequence of spaces with basepoints (X, dist/<i n , e n ) (see Section 
3 for precise definitions). 

In particular, if X is the Cayley graph of a group G with a word metric then the asymptotic 
cones of X are called asymptotic cones of G. 

The concept of asymptotic cone was essentially used by Gromov in [Gri] and then formally 
introduced by van den Dries and Wilkie [VDW] . 

Asymptotic cones have been used to characterize important classes of groups: 

• A finitely generated group is virtually Abelian if and only if its asymptotic cones are 
isometric to the Euclidean space R n ([Gri], [Pa]). 

• A finitely generated group is virtually nilpotent if and only if its asymptotic cones are 
locally compact ([Gri], [VDW], [Dr 4 ]). 

• A finitely generated group is hyperbolic if and only if its asymptotic cones are M-trees 
([Gr 3 ]). 
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In [DPi] it is shown moreover that asymptotic cones of non-elementary hyperbolic groups 
are all isometric to the complete homogeneous R-tree of valence continuum. The asymptotic 
cones of elementary groups are isometric to either a line R (if the group is infinite) or to a point. 
Thus every hyperbolic group has only one asymptotic cone up to isometry. 

Asymptotic cones of quasi- isometric spaces are bi-Lipschitz equivalent. In particular the 
topology of an asymptotic cone of a finitely generated group does not depend on the choice of 
the generating set. This was used in [KaLi] and [KaL^] to prove rigidity results for fundamental 
groups of Haken manifolds, in [K1L] to prove rigidity for cocompact lattices in higher rank 
semisimple groups, and in [Dr2] to provide an alternative proof of the rigidity for non-cocompact 
lattices in higher rank semisimple groups. For a survey of results on quasi-isometry invariants 
and their relations to asymptotic cones see [DrJ. 

The power of asymptotic cones stems from the fact that they capture both geometric and 
logical properties of the group, since a large subgroup of the ultrapower G^ of the group G acts 
transitively by isometries on the asymptotic cone Con w (G; e, d). Logical aspects of asymptotic 
cones are studied and used in the recent papers by Kramer, Shelah, Tent and Thomas [KSTT], 
[KT]. 

One of the main properties of asymptotic cones of a metric space X is that geometry of 
finite configurations of points in the asymptotic cone reflects the "coarse" geometry of similar 
finite configurations in X. This is the spirit of Gromov-Delzant's approximation statement [Del] 
and of the applications of R-trees to Rips-Sela theory of equations in hyperbolic groups and 
homomorphisms of hyperbolic groups [RiSe] . This was also used in Drulju's proof of hyperbolicity 
of groups with sub-quadratic isoperimetric inequality [Dra]. 

By a result of Gromov [Gra] if all asymptotic cones of a finitely presented group are simply 
connected then the group has polynomial isoperimetric function and linear isodiametric function. 
Papasoglu proved in [Pp] that groups having quadratic isoperimetric functions have simply 
connected asymptotic cones. In general, asymptotic cones of groups are not necessarily simply 
connected [Tr]. In fact, if a group G is not finitely presented then its asymptotic cones cannot 
all be simply connected [Gr3, DrJ. A higher-dimensional version of this result is obtained by 
Riley [Ri] . According to the result of Gromov cited above, examples of finitely presented groups 
with non-simply connected asymptotic cones can be found in [Bri] and [SBR]. 

Although asymptotic cones can be completely described in some cases, the general perception 
is nevertheless that asymptotic cones are usually large and "undescribable" . This might be the 
reason of uncharacteristically "mild" questions by Gromov [G^]: 

Problem 1.1. Which groups can appear as subgroups in fundamental groups of asymptotic 
cones of finitely generated groups? 

Problem 1.2. Is it true that the fundamental group of an asymptotic cone of a group is either 
trivial or uncountable? 

In [Gr3], Gromov also asked the following question. 

Problem 1.3. How many non-isometric asymptotic cones can a finitely generated group have? 

A solution of Problem 1.1 was given by Erschler and Osin [EO]. They proved that every 
metric space satisfying some weak properties can be tt\- and isometrically embedded into the 
asymptotic cone of a finitely generated group. This implies that every countable group is a 
subgroup of the fundamental group of an asymptotic cone of a finitely generated group. 

Notice that since asymptotic cones tend to have fundamental groups of order continuum, 
this result does not give information about the structure of the whole fundamental group of an 
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asymptotic cone, or about how large the class of different asymptotic cones is: there exists a 
group of cardinality continuum (for example, the group of all permutations of a countable set) 
that contains all countable groups as subgroups. One of the goals of this paper is to get more 
precise information about fundamental groups of asymptotic cones, and about the whole set of 
different asymptotic cones of a finitely generated group. 

Problem 1.3 turned out to be related to the Continuum Hypothesis (i.e. the famous question 
of whether there exists a set of cardinality strictly between Ho and 2 N °). Namely, in [KSTT], it is 
proved that if the Continuum Hypothesis is not true then any uniform lattice in SL n (R) has 2 2 
non-isometric asymptotic cones, but if the Continuum Hypothesis is true then any uniform lattice 
in SL n (R) has exactly one asymptotic cone up to isometry, moreover the maximal theoretically 
possible number of non-isometric asymptotic cones of a finitely generated group is continuum. 
Recall that the Continuum Hypothesis is independent of the usual axioms of set theory (ZFC). 

It is known, however, that even if the Continuum Hypothesis is true, there exist groups 
with more than one non-homeomorphic asymptotic cones [TV]. Nevertheless, it was not known 
whether there exists a group with the maximal theoretically possible number of non-isometric 
asymptotic cones (continuum). 

In [Gr2], Gromov introduced a useful generalization of hyperbolic groups, namely the rela- 
tively hyperbolic groups 1 . This class includes: 

(1) geometrically finite Kleinian groups; these groups are hyperbolic relative to their cusp 
subgroups; 

(2) fundamental groups of hyperbolic manifolds of finite volume (that is, non-uniform lattices 
in rank one semisimple groups with trivial center); these are hyperbolic relative to their 
cusp subgroups; 

(3) hyperbolic groups; these are hyperbolic relative to the trivial subgroup or more generally 
to collections of quasi-convex subgroups satisfying some extra conditions; 

(4) free products of groups; these are hyperbolic relative to their factors; 

(5) fundamental groups of non-geometric Haken manifolds with at least one hyperbolic com- 
ponent; these are hyperbolic relative to the fundamental groups of the maximal graph- 
manifold components and to the fundamental groups of the tori and Klein bottles not 
contained in graph-manifold components [B0W4]; 

(6) (j-residually free groups (limit groups in another terminology) ; these are hyperbolic relative 
to the collection of maximal Abelian non-cyclic subgroups [Dahi]. 

There exist several characterizations of relatively hyperbolic groups which are in a sense 
parallel to the well known characterizations of hyperbolic groups (see [Bowi], [Fa], [Os], [Dali2], 
[Ya] and references therein). But there was no characterization in terms of asymptotic cones. 
Also, it was not known whether being relatively hyperbolic with respect to any kind of subgroups 
is a quasi-isometry invariant, except for hyperbolic groups when quasi- isometry invariance is 
true. 

The following theorems are the main results of the paper (we formulate these results not in 
the most general form). 

The first theorem gives more information about the possible structure of fundamental groups 
of asymptotic cones. 

1 These groups are also called strongly relatively hyperbolic in order to distinguish them from weakly relatively 
hyperbolic groups in the sense of Farb. 
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Theorem 1.4 (Theorem 7.33 and Corollary 7.32). (1) For every countable group C, the free 
product of continuously many copies of C is the fundamental group of an asymptotic cone 
of a 2-generated group. 

(2) There exists a 2-generated group V such that for every finitely presented group G, the free 
product of continuously many copies of G is the fundamental group of an asymptotic cone 
ofT. 

The second theorem answers the question about the number of asymptotic cones of a finitely 
generated group. 

Theorem 1.5 (Theorem 7.37). Regardless of whether the Continuum Hypothesis is true or 
not, there exists a finitely generated group G with continuously many pairwise non-iii-equivalent 
asymptotic cones. 

The third theorem shows that large classes of relatively hyperbolic groups are closed under 
quasi-isometry. We call a finitely generated group H unconstricted if one of its asymptotic cones 
has no global cut-points. 

Theorem 1.6 (Corollary 5.22). Let G be a finitely generated group that is hyperbolic relative to 
unconstricted subgroups Hi, ...,H m . 

Let G' be a group that is quasi-isometric to G. Then G' is hyperbolic relative to subgroups 
H[,...,H' n each of which is quasi-isometric to one of Hi, H m . 

The number m of the finite collection of "parabolic" subgroups {Hi}i e j in Theorem 1.6 is 
not a quasi-isometry invariant. This can be seen for instance for the fundamental groups of a 
finite volume hyperbolic manifold and of a finite covering of it. 

There are previous results showing that some special classes of relatively hyperbolic groups 
are closed under quasi-isometry: the class of fundamental groups of non-geometric Haken man- 
ifolds with at least one hyperbolic component ([KaLi], [KaL^]) and the class of non-uniform 
lattices of isometries of a rank one symmetric space [Sch] . The class of free products of groups 
with finite amalgamated subgroups is closed under quasi-isometry by Stallings' Ends Theorem 
(see [PW] for more general results about graphs graphs of groups with finite edge groups). 

The main ingredient in the proof of Theorem 1.6 is the following result, interesting by itself. 

Theorem 1.7 (Corollary 5.8). Let G be a finitely generated group that is hyperbolic relative 
to subgroups Hi, ...,H m , and let G' be a unconstricted group. Then the image of G' under any 
(L, C)- quasi-isometry G' — > G is in an M-tubular neighborhood of a coset gHi, g £ G,i = 
l,...,m, where M depends on L,C,G and S only. 

Note that the hypothesis of Theorem 1.7 that the group G is unconstricted clearly cannot 
be removed. For example, a relatively hyperbolic group itself is not in a bounded neighborhood 
of a coset of any of its "parabolic" subgroups Hi provided Hi are proper subgroups. 

Theorem 1.7 does not apply in this case because relatively hyperbolic groups are usually 
constricted i.e. they have global cut-points in every asymptotic cone (see Theorem 1.11 below). 

A result similar to Theorem 1.7 is obtained in [PW, §3] for G a fundamental group of a 
graph of groups with finite edge groups and S a one-ended group. We should note here that 
unconstricted groups are 1-ended by Stallings' Ends Theorem. The converse statement is not 
true because the asymptotic cones of any hyperbolic group are M-trees. 

Theorem 1.7 in particular gives information about which unconstricted subgroups can appear 
as undistorted subgroups in a relatively hyperbolic group (see Remark 8.30, (1)). The following 
theorem clarifies even more the question of the structure of undistorted subgroups in relatively 
hyperbolic groups. 
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Theorem 1.8 (Theorem 8.29). Let G = (S) be a finitely generated group that is hyperbolic 
relative to subgroups H±, ...,H n . Let G' be an undistorted finitely generated subgroup of G. Then 
G' is relatively hyperbolic with respect to subgroups H[, H' m , where each H[ is one of the 
intersections G' n gHjg~ l , g G G, j G {1, 2, . . . , n}. 

We also obtain information about the automorphism group of a relatively hyperbolic group. 

Theorem 1.9 (Corollary 8.31). Let G be a finitely generated group that is relatively hyperbolic 
with respect to a unconstricted subgroup H . Let Fix(i?) be the subgroup of the automorphism 
group of G consisting of the automorphisms that fix H as a set. Then: 

(1) Inn(G)Fix(#) = Aut(G). 

(2) Inn(G) n Fix(iT) = lm\ H {G), where lim H {G) is by definition {i h G Inn(G) h G H} . 

(3) There exists a natural homomorphism from Out(G) to 0\it(H) given by 4> i— > ig^H, 
where g<p is an element of G such that ig^cp £ Fi x (#) ; an d denotes the restriction of 
an automorphism ip G Fix(i^) to H . 

We call a finitely generated group wide if none of its asymptotic cones has a global cut-point. 
Wide groups are certainly unconstricted (the converse statement is not true). 
Here are examples of wide groups: 

• Non- virtually cyclic groups satisfying a law (see Corollary 6.14). Recall that a law is a 
word w inn letters x±, . . . , x n and a group satisfying the law w is a group G such that w = 1 
in G whenever replaced by an arbitrary set of n elements in G. For instance 
Abelian groups are groups with the law w = x\X2X^ X 1 . More generally, solvable groups 
are groups with a law, and so are Burnside groups. Also, uniformly amenable groups are 
groups satisfying a law (see Corollary 6.17). 

While for nilpotent groups the results of Theorems 1.6 and 1.7 are not surprising and were 
already known in some particular cases of relatively hyperbolic groups [Sch], for solvable 
non-nilpotent groups and for Burnside groups the situation is different. For instance the 
group Sol has asymptotic cones composed of continuously many Hawaiian earrings [Bu], 
so it is a priori not clear why such a group should have a rigid behavior with respect to 
quasi-isometric embeddings into relatively hyperbolic groups. Burnside groups display a 
similar picture. 

In the case of non- virtually cyclic groups with a law, the constant M in Theorem 1.7 
depends only on the law and not on the group S (Corollary 6.15). 

• Non- virtually cyclic groups with elements of infinite order in the center (see Theorem 6.5); 
the constant M in Theorem 1.7 is the same for the whole class of such groups (Theorem 
6.7 and Corollary 6.8). 

• Groups of isometries acting properly discontinuously and with compact quotients on prod- 
ucts of symmetric spaces and Euclidean buildings, of rank at least two. The asymptotic 
cones of such groups are Euclidean buildings of rank at least two [K1L]. Most likely the 
same is true for such groups of isometries so that the quotients have finite volume, but the 
proof of this statement is not straightforward. 

The main tool in this paper are tree-graded spaces. 
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Definition 1.10. Let F be a complete geodesic metric space and let V be a collection of closed 
geodesic subsets (called pieces). Suppose that the following two properties are satisfied: 

(Ti) Every two different pieces have at most one common point. 

(T2) Every simple geodesic triangle (a simple loop composed of three geodesies) in F is contained 
in one piece. 

Then we say that the space F is tree- graded with respect to V . 

The main interest in the notion of tree-graded space resides in the following characterization 
of relatively hyperbolic groups of which the converse part is proven in Section 8 and the direct 
part in the Appendix written by D. Osin and M. Sapir. 

Theorem 1.11 (Theorem 8.5). A finitely generated group G is relatively hyperbolic with respect 
to finitely generated subgroups Hi,...,H n if and only if every asymptotic cone Con w (G; e, d) is 
tree-graded with respect to u -limits of sequences of cosets of the subgroups Hi. 

Section 2 contains many general properties of tree-graded spaces. 

In particular, by Lemma 2.31 any complete homogeneous geodesic metric space with global 
cut-points is tree-graded with respect to a certain uniquely defined collection of pieces which are 
either singletons or without cut-points. 

We prove in Proposition 2.17, that the property (T2) in the definition of tree-graded spaces 
can be replaced by the assumption that V covers F and the following property which can be 
viewed as a extreme version of the bounded coset penetration property: 

(T2) For every topological arc c : [0, d] — > F and t € [0, d], let c[t — a, t + b] be a 
maximal sub-arc of c containing c(t) and contained in one piece. Then every other 
topological arc with the same endpoints as c must contain the points c(i — a) and 
c(t + b). 

Moreover, when (T2) is replaced by (T2) the condition that the pieces are geodesic is no 
longer needed. Thus, if we do not ask that the whole space be geodesic either, tree-graded 
spaces can be considered in a purely topological setting. 

Notice that there are similarities in the study of asymptotic cones of groups and that of 
boundaries of groups. Boundaries of groups do not necessarily have a natural metric, and rarely 
are geodesic spaces, but they have a natural topology and they are also, in many interesting 
cases, homogeneous spaces with respect to actions by homeomorphisms. Thus, if the boundary 
of a group is homogeneous and has a global cut-point then most likely it is tree-graded (in the 
topological sense) with respect to pieces that do not have cut-points. Such a study of boundaries 
of groups with global cut-points appeared, for example, in the work of Bowditch [B0W2] on the 
Bestvina-Mess conjecture. Bowditch developed a general theory appropriate for the study of 
topological homogeneous spaces with global cut-points that is related to the study of tree-graded 
spaces that we do in this paper. Results related to Bowditch's work in this general setting can 
be found in [AN]. 

As a byproduct of the arguments in Sections 4 and 8, we obtain many facts about the 
geometry of Cayley graphs of relatively hyperbolic groups. Recall that given a finitely gener- 
ated group G = {S) and a finite collection Hi,...,H n of subgroups of it, one can consider the 
standard Cayley graph Cayley (G,S) and the modified Cayley graph Cayley (G,S U 7Y), where 
Ti = \_\™ = i(Hi \ {e}). The standard definition of relative hyperbolicity of a group G with re- 
spect to subgroups Hi, H n is given in terms of the modified Cayley graph Cayley (G, S U H). 
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Theorem 1.11 and the results of Section 4 allow us to define the relative hyperbolicity of G 
with respect to Hi, H n in terms of Cayley(G, S) only. This is an important ingredient in our 
rigidity results. 

An important part in studying tree-graded spaces is played by saturations of geodesies. If 
G is relatively hyperbolic with respect to Hi, ...,H n , g is a geodesic in Cayley(G, S) and M is 
a positive number, then the M-saturation of g is the union of g and all left cosets of Hi whose 
M-tubular neighborhoods intersect g. We show that in the study of relatively hyperbolic groups, 
saturations play the same role as the geodesies in the study of hyperbolic groups. 

More precisely, we use Bowditch's characterization of hyperbolic graphs [B0W3], and show 
that tubular neighborhoods of saturations of geodesies can play the role of "lines" in that 
characterization. In particular, we show that for every geodesic triangle [A, B, C] in Cayley(G, S) 
the M-tubular neighborhoods of the saturations of its sides (for some M depending on G and S) 
have a common point which is at a bounded distance from the sides of the triangle or a common 
left coset which is at a bounded distance from the sides. 

We also obtain the following analog for relatively hyperbolic groups of the Morse Lemma for 
hyperbolic spaces. Recall that the Morse lemma states that every quasi-geodesic in a hyperbolic 
space is at a bounded distance from a geodesic joining its endpoints. In the relative hyperbolic 
version of the lemma we also use the notion of lift p of a geodesic p in Cayley(G, SDH). Recall 
that the meaning of it is that one replaces each edge in p labelled by an element in H by a 
geodesic in Cayley(G, S) (see also Definition 8.26). 

We again do not write the statements in the whole generality. 

Notations: Throughout the whole paper, Ms (A) denotes the (5-tubular neighborhood of a subset 
A in a metric space X, that is {x € X | dist(x, A) < 5}. We denote by Ms (A) its closure, that 
is {x I dist(x, A) < 5}. In the particular case when A = {x} we also use the notations B(x,S) 
and B(x,S) for the tubular neighborhood and its closure. 

Theorem 1.12 (Morse property for relatively hyperbolic groups). Let G = (S) be a group that 
is hyperbolic relative to the collection of subgroups Hi, . . . , H m . Then there exists a constant 
M depending only on the generating set S such that the following holds. Let q be a geodesic in 
Cayley(Gr, S), let q be an (L,C)- quasi- geodesic in Cayley(G, S), and let p be an {L,C)-quasi- 
geodesic in Cayley(G, S U Ti). Suppose that g,q, and p have the same endpoints. Then for some 
t depending only on L, C, S: 

(1) q is contained in the t -tubular neighborhood of the M-saturation of g. 

(2) Let gHi and g'Hj be two left cosets contained in the M-saturation of g. Let q' be a sub- 
quasi- geodesic ofq with endpoints a G M K (gH,j) and b € M K {g' Hj) which intersects M K (g Hi) 
and M K (g'Hj) in sets of bounded (in terms of k) diameter. Then a and b belong to the 
5-tubular neighborhood of g, where 5 depends only on L,C,n. 

(3) In the Cayley graph Cayley(G, S U H), q is at Hausdorff distance at most r from p. 

(4) In Cayley(G, S), q is contained in the r-tubular neighborhood of the T-saturation of any 
lift p of p. In its turn, p is contained in the T-tubular neighborhood of the T-saturation of 

q- 

The proof of this theorem and more facts about the geometry of relatively hyperbolic groups 
are contained in Lemmas 4.25, 4.26, 4.28, Proposition 8.25 and Proposition 8.28. 

Theorem 1.11 and statements about tree-graded spaces from Section 2 imply that for rela- 
tively hyperbolic groups, Problem 1.2 has a positive answer. 
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Corollary 1.13. The fundamental group of an asymptotic cone of a relatively hyperbolic group 
G is either trivial or of order continuum. 

Proof. Suppose that the fundamental group of an asymptotic cone of the group G is non-trivial. 
By Theorem 1.11, the asymptotic cone of G is tree-graded with respect to a set of pieces that 
are isometric copies of asymptotic cones of the parabolic subgroups Hi with the induced metric. 
The induced metric on each Hi is equivalent to the natural word metric by quasi-convexity 
(see Lemma 4.15). Moreover, in that set, every piece appears together with continuously many 
copies. 

The argument in the first part of the proof of Proposition 2.22 shows that at least one of the 
pieces has non-trivial fundamental group V. 

The argument in the second part of the proof of Proposition 2.22 implies that the fundamental 
group of the asymptotic cone of G contains the free product of continuously many copies of V. □ 

The following statement is another straightforward consequence of Theorem 1.11. 

Corollary 1.14. If a group G is hyperbolic relative to {H\, . . . , H m }, and each Hi is hyperbolic 
relative to a collection of subgroups {Hf , . . . , H™ 1 } then G is hyperbolic relative to {Hf \ i € 
{1, . . . ,m}, j e {1,. . . ,rii}}. 

See Problem 1.21 below for a discussion of Corollary 1.14. 

Note that in the alternative geometric definition of relatively hyperbolic groups given in 
Theorem 1.11 we do not need the hypothesis that Hi are finitely generated. This follows from 
the quasi-convexity of the groups Hi seen as sets in Cayley(G, S) (Lemma 4.15). Moreover, 
this geometric definition makes sense when G is replaced by a geodesic metric space X and 
the collection of cosets of the subgroups Hi is replaced by a collection A of subsets of X. A 
similar generalization can be considered for Farb's definition of relative hyperbolicity (including 
the BCP condition). Thus, both definitions allow to speak of geodesic spaces hyperbolic relative 
to families of subsets. Such spaces, completely unrelated to groups, do appear naturally. For 
instance the complements of unions of disjoint open horoballs in rank one symmetric spaces 
are hyperbolic with respect to the boundary horospheres. Also, the free product of two metric 
spaces with basepoints (X, xo) and (Y, yo), as defined in [PW, §1], is hyperbolic with respect 
to all the isometric copies of X and Y. It might be interesting for instance to study actions of 
groups on such spaces, hyperbolic with respect to collections of subsets. To some extent, this is 
already done in the proof of our Theorem 5.13, where a particular case of action of a group by 
quasi-isometries on an asymptotically tree-graded (=relatively hyperbolic) space is studied. 

Bowditch's characterization of hyperbolic graphs can be easily generalized to arbitrary 
geodesic metric spaces. So one can expect that an analog of Theorem 1.11 is true for arbi- 
trary geodesic metric spaces. 

1.1 Open problems 

Problem 1.15. Is it possible to drop the condition that Hi are unconstricted from the formu- 
lation of Theorem 1.6? 

An obvious candidate to a counterexample would be, for instance, the pair of groups G = 
A* A* A* A, where A = Z 2 , and G' = (A * A * A * A) x Z/4Z, where Z/4Z permutes the factors. 
The group G is relatively hyperbolic with respect toA*A*l*l and 1 * 1 * A * A. It is easy 
to check that the group G' is not relatively hyperbolic with respect to any isomorphic copy of 
A * A. Unfortunately this example does not work. Indeed, G' is quasi-isometric to A * A by 
[PW], so G' is relatively hyperbolic with respect to a subgroup that is quasi-isometric to A * A, 
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namely itself. Moreover, it is most likely that G' is hyperbolic relative to a proper subgroup 
isomorphic to A * Z which is also quasi-isometric to A * A by [P W] . 

Problem 1.16. Corollary 5.24 shows the following. Let G be a group, asymptotically tree- 
graded as a metric space with respect to a family of subspaces A satisfying the following condi- 
tions: 

(1) A is uniformly unconstricted (see Definition 5.4 for the notion of collection of metric spaces 
uniformly unconstricted); 

(2) there exists a constant c such that every point in every A € A is at distance at most c 
from a bi-infinite geodesic in A; 

(3) For a fixed xq G G and every R > the ball B(xq, R) intersects only finitely many A £ A. 

Then the group G is relatively hyperbolic with respect to subgroups H±, ...,H m such that every 
Hi is quasi-isometric to some A € A. 

Can one remove some of the conditions (1), (2), (3) from this statement? 

Problem 1.17. Is every unconstricted group wide? 

Problem 1.18. Is every constricted group G relatively hyperbolic with respect to a collection of 
proper subgroups {Hi, . . . , H m }? Here are some more specific questions. Consider the canonical 
representation of every asymptotic cone as a tree-graded space (with respect to maximal path- 
connected subsets that are either singletons or without global cut-points, as in Lemma 2.31). 
Is there a family of subsets A of G such that each piece in each asymptotic cone of G is an 
ultralimit of a sequence of sets from A! Can one take A to be the set of all left cosets of a 
(finite) collection of subgroups {Hi, . . . , H m }7 

Note that a positive answer to Problem 1.18 gives a positive answer to Problem 1.15, as 
being constricted is a quasi-isometry invariant. Also, it would follow that the rigidity result 
Theorem 1.7 holds as soon as G' is not relatively hyperbolic. 

Here is a related question. 

Problem 1.19. Is every non-virtually cyclic group without free non-abelian subgroups wide 
(unconstricted)? Is there a non-virtually cyclic constricted group with all proper subgroups 
cyclic? 

It is easy to notice that in all examples of groups with different asymptotic cones Con^(G; e, d), 
one of the cones corresponds to a very fast growing sequence d = (d n ). Equivalently, we can as- 
sume that d n = n but to contains some fast growing sequence of natural numbers A = {ai, a-i, ■■■}■ 
What if we avoid such ultrafilters? For example, let V be the set of all complements of finite 
sets and of all complements of sequences A = {ai, ct2, . . . , a n , ...} {a\ < 02 < ... < a n < ...) 
which grow faster than linear i.e. lim ^ = 00. It is easy to see that V is a filter. Let uj be an 
ultrafilter containing B. Then no set in u grows faster than linear. Let us call ultrafilters with 
that property slow. An asymptotic cone Con^G, (n)) corresponding to a slow ultrafilter also 
will be called slow. 

Problem 1.20. Are there finitely generated groups G with two bi-Lipschitz non-equivalent 
slow asymptotic cones? Is it true that if a slow asymptotic cone of G has (resp. has no) global 
cut-points then the group is constricted (resp. wide)? Is it true that if a slow asymptotic cone 
of G has global cut-points then G contains non-abelian free subgroups? 
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See Section 6.2 for further discussion of free subgroups of wide (unconstricted) groups. 
The next problem is motivated by Corollary 1.14 above. 

Problem 1.21. By Corollary 1.14, one can consider a "descending process", finding smaller 
and smaller subgroups of a (finitely generated) group G with respect to which G is relatively 
hyperbolic. Does this process always stop? Does every group G contain a finite collection of 
unconstricted subgroups with respect to which G is relatively hyperbolic? 

Problem 1.22. A group G = (S) is weakly hyperbolic relative to subgroups H±, ...,H n if the 
Cayley graph Cayley(G ! , SUTC) is hyperbolic. It would be interesting to investigate the behavior 
of weak relatively hyperbolic groups up to quasi-isometry. In particular, it would be interesting 
to find out if an analog of Theorem 1.6 holds. The arguments used in this paper for the (strong) 
relative hyperbolicity no longer work. This can be seen on the example of Z n . That group 
is weakly hyperbolic relative to Z n— 1 . But a quasi-isometry q : 7U 1 — > Z n can transform left 
cosets of Z n_1 into polyhedral or even more complicated surfaces (see [K1L, Introduction] for 
examples). Nevertheless it is not a real counter-example to a theorem similar to Theorem 1.6 
for weak hyperbolic groups, as every group quasi- isometric to Z n is virtually Z n . 

1.2 Plan of the paper 

In Section 2, we establish some basic properties of tree-graded spaces. In particular, we show 
that tree-graded spaces behave "nicely" with respect to homeomorphisms. 

In Section 3, we establish general properties of asymptotic cones and their ultralimits. We 
show that the ultralimit of a sequence of asymptotic cones of a metric space X is an asymptotic 
cone of X itself. 

In Section 4, we give an "internal" characterization of asymptotically tree-graded metric 
spaces, i.e. pairs of a metric space X and a collection of subsets A, such that every asymptotic 
cone Con"'' (A; e, d) is tree-graded with respect to w-limits of sequences of sets from A. 

In Section 5, we show that being asymptotically tree-graded with respect to a family of 
subsets is a quasi-isometry invariant. This implies Theorem 1.6. 

In Section 6, we show that asymptotic cones of a non- virtually cyclic group do not have 
cut-points provided the group either has an infinite cyclic central subgroup, or satisfies a law. 

In Section 7, we modify a construction from the paper [EO] to prove, in particular, Theorems 
1.4 and 1.5. 

In Section 8 and in the Appendix (written by D. Osin and M. Sapir), we prove the charac- 
terization of relatively hyperbolic groups in terms of their asymptotic cones given in Theorem 
1.11. Theorem 1.8 about undistorted subgroups of relatively hyperbolic groups is also proved in 
Section 8. 

2 Tree-graded spaces 

2.1 Properties of tree-graded spaces 

Let us recall the definition of tree-graded spaces. We say that a subset A of a geodesic metric 
space A is a geodesic subset if every two points in A can be connected by a geodesic contained 
in A. 

Definition 2.1 (tree-graded spaces). Let F be a complete geodesic metric space and let V be 
a collection of closed geodesic subsets (called pieces). Suppose that the following two properties 
are satisfied: 
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(Ti) Every two different pieces have at most one common point. 

(T2) Every simple geodesic triangle (a simple loop composed of three geodesies) in F is contained 
in one piece. 

Then we say that the space F is tree-graded with respect to V . 

Remark 2.2 (degenerate triangles). We assume that a point is a geodesic triangle composed 
of geodesies of length 0. Thus (T2) implies that the pieces cover F. 

The next several lemmas establish some useful properties of tree-graded spaces. Until Propo- 
sition 2.17, F is a tree-graded space with respect to V . 

Lemma 2.3. If all pieces in V are W-trees then F is an W-tree. 

Proof. It is an immediate consequence of (T2). □ 

Lemma 2.4. Let M be a piece and x a point outside M. If y and z are points in M such 
that there exist geodesies [x,y] and [x,z], joining them to x which intersect M only in y and z, 
respectively, then y = z. 

Proof. Suppose that y 7^ z. Join y and z by a geodesic [y, z] in M. Let x' be the farthest from 
x intersection point of the geodesies [x, y] and [x, z\. The triangle x'yz is simple because by 
the assumption [x, y] U [x, z] intersects with [y, z] only in y and z. Therefore that triangle is 
contained in one piece M' by (T 2 ). Since M n M' contains [y, z], M = M' by (Ti), so x' £ M, 
a contradiction since x' belongs both to [x, y] and to [x, z] but cannot coincide with both y and 
z at the same time. □ 

Lemma 2.5. Every simple quadrangle (i.e. a simple loop composed of four geodesies) in F is 
contained in one piece. 

Proof. Let Ai,A2,A^ and A4 be the vertices of the quadrangle. Suppose that each vertex is 
not on a geodesic joining its neighbors, otherwise we have a geodesic triangle and the statement 
is trivial. Let g be a geodesic joining Ai and A3. Let P be its last intersection point with 
LAi,^] U [Al,A4]. Suppose that P <G LAi,^] (the other case is symmetric). Let Q be the 
first intersection point of g with [A2, A3] U [A3, A4]. Replace the arc of g between A\ and P 
with the arc of [Ai,A2] between these two points, and the arc of g between Q and A3 with 
the corresponding arc of [A2, A3] U [A3, A4]. Then g thus modified cuts the quadrangle into two 
simple triangles having in common the geodesic [P, Q] . Both triangles are in the same piece by 
(T2), and so is the quadrangle. □ 

Lemma 2.6. (1) Each piece is a convex subset o/F. 

(2) For every point x G F and every piece M G V, there exists a unique point y G M such that 
dist(x,M) = dist(x, y). Moreover, every geodesic joining x with a point of M contains y. 

Proof. (1) Suppose that there exists a geodesic g joining two points of M and not contained in 
M. Let z be a point in g\M. Then z is on a sub-arc g' of g intersecting M only in its endpoints, 
a, b. Lemma 2.4 implies a = b = z £ M, a contradiction. 

(2) Let y n G M be such that lim„_ >00 dist(x, y n ) = dist(x,M). Since M is closed, we may 
suppose that every geodesic [x,y n ] intersects M only in y n . It follows by Lemma 2.4 that 

yi = V2 = ■ ■ ■ = y- 
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Let z G M and let g be a geodesic joining z with x. Let z' be the last point on g contained 
in M. Then z' = y, by Lemma 2.4. □ 



Definition 2.7. We call the point y in part (2) of Lemma 2.6 the projection of x onto the piece 
M. 

Lemma 2.8. Let M be a piece and x a point outside it with dist(x,M) = 5, and let y be the 
projection of x onto M. Then the projection of every point z G B(x,5) onto M is equal to y. 

Proof. Notice that by part (2) of Lemma 2.6 B(x,5) FlM = {y}. Suppose that the projection 
z' of z G B(x, 5) onto M is different from y. Then z / y, hence z does not belong to M. 

Consider a geodesic quadrangle with vertices x, z, z' and y. By the definition of projection, 
the interiors of [z, z'\ U [x, y] and [y, z'\ do not intersect. 

If there is a common point p of [x, y] and [z, z'\ then we get a contradiction with Lemma 
2.4, so [x, y] and [z, z'\ are disjoint. In particular [z, z'\ U [z', y] U [y, x] is a topological arc. Since 
z G B(x, 5) \ {y}, the side [x, z\ of this quadrangle does not intersect M. By part (1) of Lemma 
2.6 it follows that [x,z] does not intersect [y, z'\. 

We can replace if necessary z with the last intersection point of [z, x] with [z, z'\ and x with 
the last intersection point of the geodesies [x, y] and [x, z\. We get a simple geodesic quadrangle 
xzz'y in which the side [x, z] possibly reduces to a point. By Lemma 2.5, it belongs to one piece. 
Since it has [y, z'\ in common with M, that piece is M by (Ti). But this contradicts the fact 
that [x, z\ n M = 0. □ 

Corollary 2.9. Every continuous path in F which intersects a piece M in at most one point, 
projects onto M in a unique point. 

Proof. If the path does not intersect the piece, it suffices to cover it with balls of radius less 
than the distance from the path to the piece and use Lemma 2.8. 

If the path intersects M in a point x, we may suppose that x is one of its ends and that 
the interior of the path does not pass through x. Let z be another point on the path and 
let y be its projection onto M. By the previous argument every point t on the path, t ^ x, 
has the same projection y onto M. Let limn^ootn = x, t n ^ x. Then lim Tt _ >00 dist(t ra , M) = 
lim n ^ 00 dist(t n , y) = 0. Therefore x = y. □ 

Corollary 2.10. (1) Every topological arc in F joining two points in a piece is contained in 
the piece. 

(2) Every non-empty intersection between a topological arc in F and a piece is a point or a 
sub-arc. 

Proof. (1) If there exists a topological arc p in F joining two points of a piece M and not contained 
in M, then a point z in p \ M is on a sub-arc p' of p intersecting M only in its endpoints, a, b. 
Corollary 2.9 implies that both a and b are projections of z into M, contradiction. 

(2) immediately follows from (1). □ 

Corollary 2.11. Let A be a connected subset (possibly a point) in F which intersects a piece M 
in at most one point. 

(1) The subset A projects onto M in a unique point x. 

(2) Every path joining a point in A with a point in M contains x. 
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Notation: Let x G F. We denote by T x the set of points y G F which can be joined to x by a 
topological arc intersecting every piece in at most one point. 

Lemma 2.12. Let x G F and y £ T x , y ^ x. Then every topological arc with endpoints x,y 
intersects each piece in at most one point. In particular the arc is contained in T x . 

Proof. Suppose, by contradiction, that there exists a topological arc p in F connecting x, y and 
intersecting a piece M in more than one point. By Corollary 2.10, M n p is a topological arc 
with endpoints a / b. By definition, there also exists an arc q connecting x and y and touching 
each piece in at most one point. 

Now consider the two paths connecting x and M. The first path p' is a part of p connecting 
x and a. The second path q' is the composition of the path q and a portion of p _1 connecting 
y and b. By Corollary 2.11, the path q' must pass through the point a. Since the portion 
[y, b] of p _1 does not contain a, the path q must contain a. But then there exists a part q" of 
q' connecting a and b and intersecting M in exactly two points. This contradicts part (1) of 
Corollary 2.11, as a point in q" \ {a, b} would project onto M in both a and b. □ 

Lemma 2.13. Let x G F and y G T x . Then T x = T y . 

Proof. It suffices to prove T y C T x . Let z G T y . By Lemma 2.12, any geodesies connecting y 
with x or z intersects every piece in at most one point. Let t be the farthest from y intersection 
point between two geodesies p = [y, x] and q = [y, z]. Then r = [x, t] U [t, z] is a topological arc. 
The arc r intersects every piece in at most one point. Indeed, if r intersects a piece M in two 
points a, b then it intersects it in a subarc by Corollary 2.10, so at least one of the two segments 
[x,t], [t,z] intersects M in an arc, contradiction. Thus z G T x . □ 

Lemma 2.14. Let x G F. 

(1) Every topological arc joining two distinct points in T x is contained in T x . 

(2) The subset T x is a real tree. 

Proof. (1) is an immediate consequence of the two previous lemmas. 

(2) First we prove that for every y,z G T x there exists a unique geodesic joining y and z, 
also contained in T x . Since F is a geodesic space, there exists a geodesic in F joining x and y. 
By the first part of the lemma, this geodesic is contained in T x . Suppose there are two distinct 
geodesies g,g' in T x joining y and z. A point on g which is not on g' is contained in a simple 
bigon composed of a sub-arc of g and a sub-arc of g f . This bigon, by (T2), is contained in a 
piece. This contradicts Lemma 2.12. 

Now consider a geodesic triangle yzt in T x . Deleting, if necessary, a common sub-arc we can 
suppose that [y, z] n [y, t] = {y}. If y G" [z, t] then let z' be the nearest to y point of [y, z] n [z, t] 
and let t' be the nearest to y point of [y,t] n [z,t]. The triangle yz'tf is simple, therefore it is 
contained in one piece by (T2). This again contradicts Lemma 2.12. Thus y G [z, t]. □ 

Convention: We assume that a 1-point metric space has a cut-point. 

Lemma 2.15. Let A be a path connected subset o/F without a cut-point. Then A is contained 
in a piece. In particular every simple loop is contained in a piece. 
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Proof. By our convention, A contains at least two points. Fix a point x G A. The set A cannot 
be contained in the real tree T x , because otherwise it would have a cut-point. Therefore, a 
topological arc joining in A the point x and some y G A intersects a piece M in a sub-arc p. 
Suppose that A (£_ M. Let z G A \ M and let z' be the projection of z onto M. Corollary 
2.11 implies that every continuous path joining z to any point a of p contains z'. In particular 
z' G A, and z and a are in two distinct connected components of F\{z'}. Thus, z' is a cut-point 
of A, a contradiction. □ 

Proposition 2.16. Let F and ¥' be two tree-graded spaces with respect to the sets of pieces V 
and V , respectively. Let Vl/ : F — > F' be a homeomorphism. Suppose that all pieces in V and V' 
do not have cut-points. Then ^ sends any piece from V onto a piece from V' , and ^f(T x ) = Tj,^) 
for every x G F. 

Proof. Indeed, for every piece M in F, \I/(M) is a path connected subset of F' without cut-points. 
Therefore Vl/(M) is inside a piece M' of F' by Lemma 2.15. Applying the same argument to 
we have that * _1 (M') is contained in a piece M" . Then M C vEr-^M') C M", hence M = M" 
and (AT) = M'. □ 

Proposition 2.17. Condition (Ti) in the definition of tree-graded spaces can be replaced the 
assumption that pieces cover F plus any one of the following conditions: 

(Tg) For every topological arc c : [0, d\ — > F and £ G [0, d], Zei c[i — a, i + 6] 6e a maximal sub-arc 
of c containing c(t) and contained in one piece. Then every other topological arc with the 
same endpoints as c must contain the points c(t — a) and c(t + b). 




Figure 1: Property (T^). 



(T2) Every simple loop in F is contained in one piece. 

Proof. Obviously (Ti) and (T-Q imply (T2). Therefore it is enough to establish the implications 
(Ti)&(T^) => (Tj) and (Ti)&(T 2 ) ^ (T^). The second of these implications is given by Lemma 
2.15. 

Suppose that (Ti) and (T^') hold for some space F with respect to some set of pieces V . 

Let c : [0,d] — > F be a topological arc, i G [0, d], and a, 6 as in (T2). If c' : [0, tZ'] — > F is 
another topological arc with the same endpoints as c, then K = c _1 (c'[0, d']) is a compact set 
containing and d. Suppose that, say, t — a G" K. Let a be the supremum of K (~l [0, t — a] and (3 
be the infimum of K n [i — a, tZ]. Then a < i — a < Since a,(3 & K, there exist a', G [0, cZ'] 
such that c'(a') = c(a),c'(/3') = t{(5). The restriction of c to [a, ft] and the restriction of c' to 
[a',/3'] form a simple loop which is contained in one piece by (T^'). In particular c([a, /?]) is 
contained in one piece. Since [t — a, t + b] is the maximal interval containing t such that the 
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restriction of c to that interval is contained in one piece, it follows that b + a ^ 0. Therefore the 
intersection of the intervals [a, ft] and [t — a, t + b] has a non-empty interior. Hence the pieces 
containing c([a, ft]) and c([t — a, t + b\) must coincide by property (Ti). But this contradicts the 
maximality of the interval [t — a, t + b]. □ 

Remark 2.18. If a collection of subsets V of a geodesic metric space X satisfy (Ti) and (T%), 
and each set in V is path connected then each set in V is a geodesic subspace. Thus if one 
replaces property (T2) by the stronger property (T^') in Definition 2.1 then one can weaken the 
condition on V . 

Proof. Let M G V, let x, y be two points in M and let r be a topological arc joining x and y in 
M. Suppose that a geodesic g connecting x and y in X is not contained in M. Let z£g \ M. 
There exists a simple non-trivial bigon with one side a sub-arc in r and the other a sub-arc in q 
containing z. Property (T^) implies that this bigon is contained in a piece, and property (Ti) 
implies that this piece is M. Hence z is in M, a contradiction. □ 

Lemma 2.19. For every x <G F, T x is a closed subset ofF. 

Proof. Let (y n ) be a sequence in T x converging to a point y. Suppose that the geodesic [x, y] 
intersects a piece M in a maximal non-trivial sub-arc [a,/?]. We can assume that the geodesic 
[y n ,y] intersects [y n ,x] only in y n . Otherwise we can replace y n with the farthest from it 
intersection point between these two geodesies. By property (T^) the arc [x,y n ] U [y n ,y] must 
contain [a,j3]. Since y n G T x , it follows by Lemma 2.12 that [a, (3] C [y n ,y] and so dist(y n ,y) > 
dist(a,/3) > 0. This contradicts dist(y n ,y) — > 0. We conclude that [x,y] intersects every piece 
in at most one point and that y &T X . □ 

Lemma 2.20. The projection o/F onto any of the pieces is a metric retraction. 

Proof. Let M be a piece, x, y two points in F and [x, y] a geodesic joining them. If [x, y] nM = 
then [x, y] projects onto one point z, by Corollary 2.9, and d(x, y) > d(z, z) = 0. 

If [x, y] n M = [a, ft] then a is the projection of x onto M and /? is the projection of y onto 
M, by Corollary 2.9. Obviously d(x,y) > d(a,ft). □ 

Lemma 2.21. Let p: [0,1] — > F 6e a pat/i m a tree-graded space F. Let f/ p 6e ^/ie union of 
open subintervals (a,b) C [0,/] suc/t t/iat i/te restriction of p onto (a,b) belongs to one piece (we 
include the trees T x into the set of pieces). Then Up is an open and dense subset of [0, 1]. 

Proof. Suppose that Up is not dense. Then there exists a non-trivial interval (c,d) in the 
complement [0,1] \ Up. Suppose that the restriction p' of p on (c,d) intersects a piece P in two 
points y = p(ii), z = p(t2)- We can assume that y is not in the image of (ti,^] under p. Since 
y Up there is a non-empty interval (ti, £3) such that the restriction of p onto that interval does 
not intersect P. Let t > t\ be the smallest number in (t\,t2\ such that z' = p(t) is in P. Then 
z' 7^ y. Applying Corollary 2.11 to the restriction of p onto [ti,t], we get a contradiction. This 
means that p' intersects every piece in at most one point. Therefore p' is contained in a tree T x 
for some x, a contradiction. □ 



Proposition 2.22. Let ¥ be a tree-graded space with the set of pieces V . If the pieces in V are 
locally uniformly contractible then 7Ti(F) is the free product of tti(M), M g V. 
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Proof. We include all trees T x into V. Fix a base point x in F and for every piece Mj G let 
be the projection of x onto Mj, and let 0j be a geodesic connecting x and yj. We identify 7Ti(Mj) 
with the subgroup Gi = 0j7Ti(Mj, y^g^ 1 °f ^iO^j x )- Consider an arbitrary loop p : [0, 1] — ► F in 
F based at x. Let p' be the image of p. Let Vp be the set of pieces from V which are intersected 
by p' in more than one point. By Lemma 2.21 the set Vp is countable. 

Let M G Vp. The projection pM of p' onto M is a loop containing the intersection p' n M. 
Let us prove that pM =p'f\M. If there exists a point z G Pm \ p' then z is a projection of some 
point y G p' \ M onto M. By Corollary 2.11, a subpath of p joining y with a point in p' (~l P 
must contain z, a contradiction. 

Therefore p' is a union of at most countably many loops pi, i€N, contained in pieces from 
Vp. By uniform local contractibility of the pieces, all but finitely many loops pj are contractible 
inside the corresponding pieces. Consequently, in the fundamental group 7Ti(F), p is a product 
of finitely many loops from Gi. Hence 7Ti(F, x) is generated by the subgroups Gi. 

It remains to prove that for every finite sequence of loops pi G Gi, i = 1, k, if Mj ^ Mj 
for i / j, and if the loops pj are not null-homotopic in Mj, then the loop pip2--pn is not null- 
homotopic in F. Suppose that p is null-homotopic, and that 7 : t — > p(t) is the homotopy, 
p(0) = p, p(l) is a point. Let 7Tj be the projection of F onto Mj. Lemma 2.20 implies that 
7Tj o 7 : t — ► pj(t) is a homotopy which continuously deforms p^ in Mj into a point. Hence each 
of the loops pj is null-homotopic, a contradiction. □ 

2.2 Modifying the set of pieces 

Lemma 2.23 (gluing pieces together). Let ¥ be a space which is tree-graded with respect to 
V{M k \ keK}. 

(1) Let Y = \J keF Mjt be a finite connected union of pieces. Then ¥ is tree-graded with respect 
to V = {M k \ k£K\F}U {Y}. 

(2) Let c be a topological arc in ¥ (possibly a point) and let Y(c) be a set of the form cUlJ j g j Mj, 
where J is a subset of K such that every Mj with j G J has a non-empty intersection with 
c, and J contains all i G K such that Mi n c is a non-trivial arc. 

Then ¥ is tree-graded with respect to V' = {M k \ k G K \ J} U {Y(c)}. 

(3) Let {cj ; i G F} be a finite collection of topological arcs in ¥ and let Y(q) = Cj U Ujgji Mj 
be sets defined as in (2). IfY = UigF^( c «) * s connected then ¥ is tree-graded with respect 
to V = {M k I k G K \ |J ieF U {Y}. 

Remark 2.24. In particular all properties on projections on pieces obtained till now hold for 
sets Y defined as in (l)-(3). We shall call sets of the form Y(c) sets of type Y. 

Proof. (1) We first prove that Y is convex. Every y,y' G Y can be joined by a topological arc 
c : [0, d] -> Y. By Corollary 2.10, we may write c[0, d] = \JkeF' t c [°' d ] n M k], where F' C F and 
c[0, d] nMfc is a point or an arc. Property (Ti) implies that every two such arcs have at most one 
point in common. Therefore there exists a finite sequence to = < t\ < ti < ■ ■ ■ < t n -\ <t n = d 
such that c[U, tj+i] = c[0, d]C\M k ^ , k{i) G F' , for every i G {0, 1, . . . n— 1}. Property (T^) implies 
that every geodesic between y and y' must contain t{t\) , c^) , • • • c(in-i)- Hence every such 
geodesic is of the form [y, c(ti)]U[c(ti), c(*2)]U- • -U[c(t n _i), y], so by Corollary 2.10 it is contained 
inY. 
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For every k £ K\F, M k CiY, if non-empty, is a convex set composed of finitely many points. 
Hence it is a point. This and the previous discussion imply that F is tree-graded with respect 
to V. 

(2) In order to prove that Y is convex, let be a geodesic joining two points x,y G Y. We 
show that is inside Y. 

Case I. Suppose that x,y G c. Consider a point z = g(t) in 0. Take the maximal interval 
[t — a, t + b] such that g([t — a,t + b]) is contained in one piece M. If a + b ^ then by property 
(Tj) the path c must pass through g(t — a) and g(t + b). By part (1) of Corollary 2.10 the 
(non-trivial) subarc of c joining g{t — a) and g(t + b) is contained in M. Then M is one of the 
pieces contained in Y. Therefore z £ Y. If a + 6 = then again by (Tg) the curve c must pass 
through z, so z G Y. We conclude that in both cases z G Y. 

Case II. Suppose that x£c and y G M \ c, where M is a piece in Y. By the definition of Y, M 
has a non-trivial intersection with c. If x £ M, we can use the convexity of M (Corollary 2.10). 
So suppose that x G" M. 

Let a be the projection of x onto M. By Corollary 2.11, part (2), a G c. Then the sub-arc 
c' of c with endpoints x and a forms together with the geodesic [a, y] C M a topological arc. 
Property (T2) implies that a G 0. Corollary 2.10, part (1), implies that the portion of between 
a and y is contained in Y. For the remaining part of we apply the result in Case I of the proof 
(since both endpoints of that part of belong to c). 

Case III. Suppose that x G Mi \ c and that y G M2 \ c. Let a be the projection of x onto M2. 
As before, we obtain that a G c, a G and that the portion of between a and y is contained 
in M2, hence in Y. For the remaining part of we apply the result of Case II. 

(3) We argue by induction on the size k of the set F. The statement is true for k = 1 by 
part (2) of this Proposition. Suppose it is true for some k > 1. Let us prove it for k + 1. We 
have two cases. 

Case I. Suppose that there exist i,j G F,i / j, such that the intersection a n Y(cj) is not 
empty. According to part (2) of the Proposition and Corollary 2.10, part (2), the intersection 
is a sub-arc, and F is tree-graded with respect to = {M^ | k G K \ Jj} U {Y(cj)}. Let 
Y'(ci) = Y(ci) U Y(cj). Then Y'(ci) is a set defined as in part (2) of the Proposition but with 
V replaced by Pj. Thus we can write Y = Y'(ci) U U s eF\{i j} ^( c «) an d use the induction 
hypothesis. 

Case II. For every i,j G F,i ^ j, we have Cj n 3^(Cj) = 0. 

Then there are no pieces that appear in both Y{d) and Y(cj) for i ^ j G F. Hence by 
(Ti), for every k G Jj, Z G Jj, l~l M; consists of at most one point. By part (2) of the 
Proposition and Corollary 2.11 that point must be equal to the projection of q onto Y(cj). 
Therefore Y(d) n Y(cj) is either empty or one point. This implies that F is tree-graded with 
respect to V" = {M k \ k G K \ [] ieF Ji} U {Y(a) \ i G F}. It remains to apply part (1) of the 
Proposition. □ 

Definition 2.25. Let (Mi, xi), (M2, X2), • • • , (M^, x^) be finitely many metric spaces with fixed 
basepoints. The bouquet of these spaces, denoted by Vi=i(Mj, Xj), is the metric space obtained 
from the disjoint union of all Mj by identifying all the points Xj. We call the point x thus 
obtained the cut-point of the bouquet. The metric on Vi=i(Mi,Xj) is induced by the metrics on 
Mj in the obvious way. 
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Clearly each Mj is a closed subset of the bouquet Vi=i(-^> It is a l so clear that the 
bouquet is a geodesic metric space if and only if all Mj are geodesic metric spaces. 

Lemma 2.26 (cutting pieces by cut-points). Let ¥ be a space which is tree-graded with respect 
to V = {Mfc | k £ K}. Let L C K be such that for every i £ L the piece Mi is the bouquet of 
finitely many subsets of it, {Mf}j^p i , and its cut-point is X{. 
Then ¥ is tree-graded with respect to the set 

V = {M k | k £ K \ 1} U {Ml | j £ F u is I}. 

Proof. Since M\v\M k C M { r\M k for i £ L, k £ K\I, and M/nM t s C M^nMt for i^t,i,t £ I, 
property (Ti) for (¥,V r ) is an immediate consequence of property (Ti) for (¥,V). 

Let A be a simple geodesic triangle. Property (T2) for (F, V) implies that either A C M k for 
some k£K\I or Ac Mi for some i £ L. We only need to consider the second case. Assume 
that A has a point in M- 1 and a point in M- 2 , with j\ 7^ j'2. Then Xi is a cut-point for A. This 
contradicts the fact that A is a simple loop. We conclude that there exists j £ Fj such that M\ 
contains A. Thus V' satisfies (T2). □ 

Lemma 2.13 implies that two trees T x and T y are either disjoint or coincident. Let {Ti \ i £ 1} 
be the collection of all the trees {T x \ x £ ¥}. 

Remark 2.27. The set V = V U {Ti \ i £ 1} also satisfies properties (Ti) and (T 2 ). Therefore 
all the properties and arguments done for F and V up to now also hold for F and V' . In this 
case, T x = {x} for every x £ ¥. The disadvantage of this point of view is that trees T x always 
have cut-points. 

2.3 Geodesies in tree-graded spaces 

Notation: For every path p in a metric space X, we denote the start of p by p_ and the end of 
p by p+. 

Lemma 2.28. Let q = Q1Q2 ■ ■ ■ Q2m be a curve in a tree-graded space ¥ which is a composition 
of geodesies. Suppose that all geodesies $2k with k £ {1, . . . , m — 1} are non-trivial and for every 
k £ {1, . . . , m} the geodesic g 2k is contained in a piece M k while for every k £ {0, 1, . . . , m — 1} 
the geodesic Q2k+\ intersects M k and M k +i only in its respective endpoints. In addition assume 
that if 02fc+i is empty then M k 7^ M k +\. Then g is a geodesic. 

Proof. Suppose that q is not simple. By (T^'), any simple loop formed by a portion of q has to be 
contained in one piece M. On the other hand the loop must contain the whole neighborhood of 
one vertex (&)+ = (fli+i)- in q. Let k be such that {gi,Qi + i} = {fl2fc, 02fc±i}- The intersection 
of M and M k contains a sub-arc of g 2 fc> whence M = M k . At the same time, M contains a 
subarc of g 2 fc±i or (if 02fc±i is empty) of 2 fc-2- In all cases we immediately get a contradiction. 

Therefore q is simple and has two distinct endpoints x, y. Consider any geodesic r joining 
x and y. By (T^) r contains all the endpoints of all geodesies fa. Therefore the length of g 
coincides with the length of r and g is itself a geodesic. □ 

Corollary 2.29. Let M and M' be two distinct pieces in a tree-graded space ¥ . Suppose that 
M' projects onto M in x and M projects on M' in y. Let A be a set in ¥ that projects onto M' 
in z / y. Then A projects onto M in x and dist(^4, M) > dist(M', M). 
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Proof. Let a G A and let [a,z], [z,y] and [y,x] be geodesies. Then Q a = [a,z] U [z,y] U [y,x] 
is a geodesic, according to Lemma 2.28. It cannot intersect M in a sub-geodesic, because 
[z, y] U [y, x] intersects M in x. Hence g a n M = {x} and x is the projection of a onto M. Also 
dist(a, x) > dist(y, x). □ 



2.4 Cut-points and tree-graded spaces 

Remark 2.30 (about singletons). Notice that if F is tree graded with respect to V then we can 
always add some or all one-point subsets (singletons) of F to P, and F will be tree-graded with 
respect to a bigger set of pieces. To avoid using extra pieces, we shall always assume that pieces 
cannot contain other pieces. Property (Ti) guarantees that this only restricts using singletons 
as pieces. 

Property (T^) implies that any tree-graded space containing more than one piece has a global 
cut-point. Here we shall show that any geodesic metric space with cut-points has a uniquely 
determined collection of pieces with respect to which it is tree-graded. 

In order to do this, we need to define a partial order relation on the set of collections of 
subsets of a space. If V and V' are collections of subsets of X and a space X is tree-graded with 
respect to both V and V', we write V -< V' if for every set M G V there exists M' G V' such 
that M C M'. The relation -< is a partial order because by Remark 2.2, pieces of V (resp. V') 
cannot contain each other. 

Lemma 2.31. Let X be a complete geodesic metric space containing at least two points and let 
C be a non-empty set of global cut-points in X. 

(a) There exists the largest in the sense of < collection V of subsets of X such that 

— X is tree-graded with respect to V; 

— any piece in V is either a singleton or a set with no global cut-point from C. 

Moreover the intersection of any two distinct pieces from V is either empty or a point from 
C. 

(b) Let X be a homogeneous space with a cut-point. Then every point in X is a cut-point, so 
let C = X. Let V be the set of pieces defined in part (a). Then for every M G V every 
x G M is the projection of a point y G X \ M onto M . 

Proof, (a) Let V be the set of all maximal path connected subsets M with the property that 
either \M\ = 1 or cut-points of M do not belong to C. The existence of maximal subsets with 
this property immediately follows from Zorn's lemma. 

Any M G V is closed. Indeed, let M be the closure of M in X and suppose that M / M. 
Let a G M \ M. There exists a sequence of points (a n ) in M converging to a. Let M' be the 
union of M and geodesies [a, a n ], n = 1,2,... (one geodesic for each n). By construction, the 
set M' is path connected. Let us prove that cut-points of M' do not belong to C. This will 
contradict the maximality of M. 

Let c G C n M', x,y G M' \ {c}. We want to connect x and y with a path avoiding c. If 
x,y G M \ {c} then we are done. 

Suppose that x G M\ {c} and y G [a n , a] for some n. The point x can be connected by some 
path pk C M avoiding c with at for every k G N. 

If c [a n , y] then the path p n U [a n , y] C M' avoids c and we are done. 
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If c € [a n ,y] then dist(c, a) > dist(y, a). In particular c is not in [a, a m ] for m large enough. 
Then we join y with x by a path [y, a] U [a, a m ] U p m avoiding c. 

It remains to consider the case when x G [a m , a] and y E [a n , a] for some m, n. If c ^ [a m , x] 
then we can replace x with a m and use the previous argument. Likewise if c [a n ,y]. If 
c G [a m , x] n [a n , y] then we join x and y in X \ {c} by [x, a] U [a, y]. 

Let Mi, M2 be distinct sets from T, c £ C. Suppose that Mi n M2 contains a point x that 
is different from c. Then any point Zj G Mj, Zj ^ c, i = 1, 2, can be joined with x by a path in 
Mj avoiding c. Hence z\ and Z2 can be joined in Mi U M2 by a path avoiding c. Consequently 
if Mi n M2 contains more than one point or contains a point not from C, we get a contradiction 
with the maximality of Mj. Thus V satisfies (T\) and the intersection of any two sets from V is 
in C or empty. 

To prove (T^') notice that every non-trivial simple loop is path connected and does not have 
cut-points, hence it is contained in some M. 

The fact that each piece M E V is a geodesic subset follows from Remark 2.18. 

Suppose that X is tree-graded with respect to another collection of pieces V' that contains 
only singletons and pieces without cut-points from C. Let M' G V ■ Then M 1 is contained in 
a maximal path-connected subset which is either a singleton or without cut-point in C, that is 
M' C M for some M£?. Thus V ~< V. Hence V is the largest in the sense of -< collection of 
subsets of X satisfying the conditions of part (a). 

(b) Let M G V. Since M 7^ X it follows that one point xq G M is the projection on M of 
a point yo £ X \ M. If M is a point this ends the proof. Suppose in the sequel that M has 
at least two points. Let [yo^o] be a geodesic joining yo and xq and let [xo,zo] be a geodesic in 
M. By the definition of the projection, [yo, Xo] D [xo, ^0] = {^o}- Let x be an arbitrary point in 
M. Consider an isometry g such that y(xo) = x. Let [y,x] and [x,z] be the respective images 
of [yo,xo] and [xo,£o] under g, if y(M) = M then x is the projection of y on M. Suppose 
g(M) ^ M. Then y(M) D M = {x}, hence [x,z] C g(M) intersects M in x. Corollary 2.11 
implies that z projects on M in x. □ 

Remarks 2.32. (1) In general not every point in C is the intersection point of two distinct 
pieces. An example is an M-tree without endpoints X, C = X, in which case V is the set of all 
singleton subsets of X. 

(2) Lemma 2.31 implies that every asymptotic cone of a group which has a cut-point is 
tree-graded with respect to a uniquely determined collection of pieces each of which is either a 
singleton or a closed geodesic subset without cut-points. 

3 Ultralimits and asymptotic cones 
3.1 Preliminaries 

Most of the interesting examples of tree-graded spaces that we know are asymptotic cones of 
groups. In this section, we start with giving the definitions of ultralimit, asymptotic cone 
and related objects (most of these definitions are well known). We show that the collection 
of asymptotic cones of a space is closed under ultralimits. We also show that simple geodesic 
triangles in ultralimits and asymptotic cones can be approximated by ultralimits of polygons 
with certain properties. As a consequence we show that the family of tree-graded spaces is also 
closed under ultralimits. These results play a central part in the theorems obtained in Sections 

4 and 7. 

Convention: In the sequel / will denote an arbitrary countable set. 



21 



Definition 3.1 (ultrafilter) . A (non-principal 2 ) ultrafilter lo over / is a set of subsets of / 
satisfying the following conditions: 

1. If A, B G lo then A n B G lo; 

2. If Aeu, AC B C I, then B £ uj; 

3. For every iCJ either iGwor/\4Gw; 

4. No finite subset of / is in lo. 

Equivalently lo is a finitely additive measure on the class V(I) of subsets of / such that each 
subset has measure either or 1 and all finite sets have measure 0. If some statement P(n) holds 
for all n from a set X belonging to an ultrafilter lo, we say that P(n) holds LO-almost surely. 

Remark 3.2. By definition lo has the property that cj(U™ 1 ^4j) = 1 (here U stands for disjoint 
union) implies that there exists iq G {1, 2, . . . , m} such that to(Ai ) = 1 and Lo{Aj) = for every 
i ^ zo- This can be reformulated as follows: let Pi(n), P2(n), . . . , P m (n) be properties such that 
for any n G / no two of them can be true simultaneously. If the disjunction of these properties 
holds o;-almost surely then there exists i G {1,2,..., m} such that w-almost surely Pi(n) holds 
and all Pj(n) with j ^ i do not hold. 

Definition 3.3 (oj-limit). Let lo be an ultrafilter over /. For every sequence of points (x n ) ne j 
in a topological space X, its w-limit lim w x n is a point x in X such that for every neighborhood 
U of x the relation x n G U holds w-almost surely. 

Remark 3.4. If wdimit lim^Xn exists then it is unique, provided the space X is Hausdorff. 
Every sequence of elements in a compact space has an w-limit [Bou]. 

Definition 3.5 (ultraproduct). For every sequence of sets (X n ) ng / the ultraproduct HX n /uj 
corresponding to an ultrafilter lo consists of equivalence classes of sequences (x ra )„<=/, x n G X n , 
where two sequences (x n ) and (y n ) are identified if x n = y n ^-almost surely. The equivalence 
class of a sequence (x n ) in Ill n /w is denoted by (x n ) w . In particular, if all X n are equal to the 
same X, the ultraproduct is called the ultrapower of X and is denoted by X^ . 

Recall that if G n , n > 1, are groups then YlG n /uj is again a group with the operation 

{x n y(y n y = { Xn y n y. 

Definition 3.6 (w-limit of metric spaces). Let (X n , dist n ), n G /, be a sequence of metric spaces 
and let lo be an ultrafilter over /. Consider the ultraproduct III n /w and an observation point 
e = (e n ) w in UX n /LO. For every two points x = (x n ) u ,y = (y n Y in Ill n /w let 

D(x,y) = lim w dist n (x n ,y n ) . 

The function D is a pseudo-metric on UX n /uj (i.e. it satisfies the triangle inequality and the 
property D(x,x) = 0, but for some x ^ y, the number D(x,y) can be or oo). Let Yl e X n /u) 
be the subset of IiX n /lo consisting of elements which are finite distance from e with respect to 
D. The Lo-limit lim aJ (X n ) e of the metric spaces (X n ,dist n ) relative to the observation point e is 
the metric space obtained from H e X n /io by identifying all pairs of points x,y with D(x,y) = 0. 
The equivalence class of a sequence (x n ) in lim ul (X n ) e is denoted by lim ul (x n ). 

2 We shall only use non-principal ultrafilters in this paper, so the word non-principal will be omitted. 
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Remark 3.7 (changing the observation point). It is easy to see that if e, e' G YIX„/lo and 
D(e,e') < oo then lim w (A n ) e = lim w (X„) e /. 

Definition 3.8 (asymptotic cone). Let (A, dist) be a metric space, u be an ultrafilter over a 
set I, e = (e n ) w be an observation point. Consider a sequence of numbers d = (d n ) ne j called 
scaling constants satisfying lim^c^j = oo. 

In the ultrapower A w we define the subset X£ = U e X n /cu, where (X n , dist n ) = (X, dist/eZ n ). 
We call it ultrapower of X with respect to the observation point e. 

The w-limit lim w (A, ^p) e is called an asymptotic cone of X. It is denoted by Con w (A; e, d) 
(see [Gn], [Gr 3 ], [VDW])." 

Definition 3.9. For a sequence (A n ),n G /, of subsets of (X, dist) we denote by lim UJ (A n ) the 
subset of Con u} (X;e,d) that consists of all the elements lim LU (x n ) such that x n G A n w-almost 
surely. Notice that if lim w dlst ^"'^ n - ) = oo then the set \\ra ul (A n ) is empty. 

Remark 3.10. It is proved in [VDW] that any asymptotic cone of a metric space is com- 
plete. The same proof gives that ]im u (A n ) is always a closed subset of the asymptotic cone 
Con w (X;e,d). 

Definition 3.11 (quasi- isometries) . A quasi-isometric embedding of a metric space (X, distx) 
into a metric space (1", disty) is a map q : X — > Y such that 

ydistx(x,x') —C< disty (q(x), q(x')) < Ldistx(x,x') + C, for all x,x' G X. 

In particular if (X, distx) is an interval of the real line R then q is called a quasi- geodesic or 
an (L,C)- quasi- geodesic. 

A quasi-isometry is a quasi-isometric embedding q : A — > Y" such that there exists a quasi- 
isometric embedding q' : Y — > A with the property that q o q' and q' o q are at finite distance 
from the identity maps. 

Remark 3.12 (quasi-injectivity). Although a quasi-isometric embedding is not necessarily in- 
jective, a weaker version of injectivity holds: If q is an (L, C)-quasi-isometric embedding then 
dist(x,y) > LC implies dist(q(x), q(y)) > 0. 

Definition 3.13 (Lipschitz maps). Let L > 1. A map q: (A, distx) — * {Y, disty) is called 
Lipschitz if 

disty (q (x), q(x')) < Ldistx(x, x') 
for every x,x' G A. The map q is called bi-Lipschitz if it also satisfies 

disty (q(x), q(x')) > — distx(£,a/) . 

Li 

Remark 3.14. Let (A n ) and (Y n ) be sequences of metric spaces, e n G X n , e' n &Y n (nEl). Then 
it is easy to see that any sequence q n : X n — > Y" n of (L n , C ra )-quasi-isometries with q n (e n ) = e^, 
n £ I, induces an (L, C)-quasi-isometry q: lim a; (A ra ) e — > lim^(y n ) e / where e = (e n ) w , e' = (e' n ) u , 
and L = lim^Ln, C = lim w C„ provided L < oo, C < oo. Moreover, the cj-limit of the images 
q n (A n ) coincides with the image of q. 

Remark 3.15. Let q n : [0,£ n ] ->lbea sequence of (L, C)-quasi-geodesics in a geodesic metric 
space (A, dist). Then the w-limit lim w (q n ([0, £ n ])) in any asymptotic cone Con w (A, e, d) is either 
empty, or a bi-Lipschitz arc or a bi-Lipschitz ray or a bi-Lipschitz line. This immediately follows 
from Remark 3.14. 



23 



Remark 3.16. Any quasi- isometric embedding q of (X, distx) into (Y,disty) induces a bi- 
Lipschitz embedding of Con w (X;e,d) into Con^F; (q(e n )),d) for every to, e and d [Gvs]. 

Every finitely generated group G = (X) can be considered a metric space where the distance 
between two elements a, b is the length of the shortest group word in X representing a~ 1 b. The 
asymptotic cones of G corresponding to different observation points are isometric [G^]. Thus 
when we consider an asymptotic cone of a finitely generated group, we shall always assume that 
the observation point e is 

Let G n , n € /, be the metric space G with metric for some sequence of scaling constants 
(d n ) n& i. The set H e G n /oo denoted by G is a subgroup of the ultrapower G u . 

Remark 3.17. Notice [Grs] that the group G^ acts on Con^(G;e,<i) by isometries: 

(gnfXmt ! (x n ) = lim w (si n x n ). 

This action is transitive, so, in particular, every asymptotic cone of a group is homogeneous. 

More generally if a group G acts by isometries on a metric space (X, dist) and there exists 
a bounded subset B C X such that X = GB then all asymptotic cones of X are homogeneous 
metric spaces. 

Definition 3.18 (asymptotic properties). We say that a space has a certain property asymp- 
totically if each of its asymptotic cones has this property. For example, a space may be asymp- 
totically CAT(O), asymptotically without cut-point etc. 

Definition 3.19 (asymptotically tree-graded spaces). Let (X, dist) be a metric space and let 
A = {Ai | i G /} be a collection of subsets of X. In every asymptotic cone Con w (X; e, d), we 
consider the collection of subsets 

A\j = |lim w ( J 4j n ) | {inY G 1^ such that the sequence ^ °-^ st (^-' j s bounded| . 

We say that X is asymptotically tree- graded with respect to A if every asymptotic cone 
Con^X; e, d) is tree-graded with respect to A u . 

Corollary 4.30 will show that there is no need to vary the ultrafilter in Definition 3.19: if a 
space is tree-graded with respect to a collection of subsets for one ultrafilter, it is tree-graded 
for any other with respect to the same collection of subsets. 



3.2 Ultralimits of asymptotic cones are asymptotic cones 

Definition 3.20 (an ultraproduct of ultrafilters) . Let to be an ultrafilter over / and let /x = 
(/"n)ne/ be a sequence of ultrafilters over I. We consider each [i n as a measure on the set {n} x / 
and oj as a measure on /. 

For every subset A C I x / we set oofi(A) equal to the w-measure of the set of all re G / such 
that n n (A n ({n} x /)) = 1. 

In other words 

ufi(A) = J fi n (A n ({re} x /)) duj(n). 

Notice that this is a generalization of the standard notion of product of ultrafilters (see [Sh, 
Definition 3.2 in Chapter VI]). 

Lemma 3.21. (cf [Sh, Lemma 3.6 in Chapter VI]) uj^l is an ultrafilter over I x I. 
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Proof. It suffices to prove that ujfi is finitely additive and that it takes the zero value on finite 
sets. 

Let A and B be two disjoint subsets of / x I. Then for every n G I the sets A n ({n} x /) 
and B n ({n} x /) are disjoint. Hence (by the additivity of fi n ) for every n £ I 

fi n ((A UB)n {{n} x /)) = fi n (A n ({n} x /)) + ^ n (£ n {{n} x /)). 

Therefore (by the additivity of uj) 

ufi(A UB)= ufi(A) + ujfi(B). 

Let now A be a finite subset of I x /. Then the set of numbers n for which fi n (An({n}xI)) = 1 
is empty. So oofi(A) = by definition. □ 

Lemma 3.22 (double ultralimit of sequences). Let u>,/j, n , n G be as in Definition 3.20. Let 

(n) 

r k be an uniformly bounded double indexed sequence of real numbers, k,n G I. Then 

lim^rj^ = lim^lim^rj^ (1) 
(the internal limit is taken with respect to k). 

(n) 

Proof. Let r = lim^r^ ; . It follows that, for every e > 0, 

ujfi | (n, k) | r^ G (r — e, r + e) j = 1 <^> 

jn G / | Hn jfc | ^ G (r - e,r + e)| = l| = 1 . 
|n G / | lim Mn r^ G [r - e, r + e]| = 1 , 



It follows that 



which implies that 



Hm^hm^rj^ G [r — £,r + e] 



(n) 

Since this is true for every e > we conclude that lim w lim Mn r^, = r. □ 

Lemma 3.22 immediately implies: 
Proposition 3.23 (double ultralimit of metric spaces). Let uj and \i be as in Definition 3.20. 

( (n) (n)\ 

Let IXj^ , distj. J be a double indexed sequence of metric spaces, k,n £ I, and let e be a double 



kei 



indexed sequence of points ej^ G xj^\ We denote by e^ the sequence {^k^ 
The map 

lim^ (x^) i ^ lim^ (lim Mn (4^)) . ( 2 ) 
is an isometry from lim WM (xjj?^ onto lim w (lim^ 1 " (xjj?^ ( , where e' n = lim Mn (e^) 
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Corollary 3.24 (ultralimits of cones are cones). Let X be a metric space. Let to and fi be as 
above. For every n £ I let e^ = (e^ ) be an observation point, = (dfj^j be a 

V / k£l V / k£l 

sequence of scaling constants satisfying lim Atn d[™' > = oo for every n G L. Let Con^ (X; e^ n \ d( n >) 
6e i/ie corresponding asymptotic cone of X. Then the map 

lim^ (4 n) ) lima; (lim Mn (4^)) » ( 3 ) 

is an isometry from Con WM (X;e, d) onto 

lim w fCon^" (X;e^ n \d^)) 

\ \ //(lim'^eW)) 

where e = ( e[ n M and d = ( d[ n M 

V K J(n,k)elxl V K J(n,k)£lxl 

(n) _ (n) 

Proof. Let us prove that lim^^d^ = oo. Let M > 0. For every n G / we have that lim^djL = 
oo, whence (i n G / | d^ n) > m| = 1. It follows that jn G J | /x n jfc G J | d^ n) > m| = l| = 

/, therefore its w-measure is 1. We conclude that w/x |(n,fc) | 4 n) > Af} = 1. 

It remains to apply Proposition 3.23 to the sequence of metric spaces ^X, -^-dist^ and 
to e. □ 



3.3 Another definition of asymptotic cones 

In [Gr3], [VDW] and some other papers, a more restrictive definition of asymptotic cones is 
used. In that definition, the set / is equal to N and the scaling constant d n must be equal to n 
for every n. We shall call these asymptotic cones restrictive. 

It is easy to see that every restrictive asymptotic cone is an asymptotic cone in our sense. 
The converse statement can well be false although we do not have any explicit examples. 

Also for every ultrafilter u> over I and every sequence of scaling constants d = (d„) ne /, there 
exists an ultrafilter /j over N such that the asymptotic cone Con w (X; e, d) contains an isometric 
copy of the restrictive asymptotic cone Con^(X; e, (n)). Indeed, let be a map / — > N such that 
4>{i) = [di]. Now define the ultrafilter fi on N by n(A) = w(i^ _1 ( J 4)) for every set A C N. The 
embedding Con^(X; e, (n)) — > Con w (X; e, d) is defined by linr"(:r ra ) i— > lim w { x (/>(i)) ieI - 

Remark 3.25. In the particular case when the sets [di] = k} are of uniformly bounded 

(finite) size, this embedding is a surjective isometry [Ri]. 

The restrictive definition of asymptotic cones is, in our opinion, less natural because the 
(j-limit of restrictive asymptotic cones is not canonically represented as a restrictive asymptotic 
cone (see Corollary 3.24). Conceivably, it may even not be a restrictive asymptotic cone in 
general. The next statement shows that it is a restrictive asymptotic cone in some particular 
cases. 

Proposition 3.26. Let v n , n G N be a sequence of ultrafilters over N. Let (L n ) be sequence of 
pairwise disjoint subsets o/N such that v n (L n ) = 1. Let C n = Con Un (X; e^ n \ (n)), n G N, be a 
restrictive asymptotic cone of a metric space X. Then the u -limit of asymptotic cones C n is a 
restrictive asymptotic cone. 
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Proof. Let fi n be the restriction of u n onto I n , n € N. Then C n is isometric to Con^ n (X; , S n ^ ) 
where d^ is the sequence of all numbers from I n in the increasing order. By Corollary 3.24, 

lim^(C n ) lim M„/ e („)- ) is the asymptotic cone Con^(X;e,(i) where e = (e^ ] ) and d = 



(n,fc)GNxN 

d[ n M . For every natural number a the set of pairs (n, k) such that d£ n ^ = a contains 

at most one element because the subsets I n C N are disjoint. It remains to apply Remark 
3.25. □ 



3.4 Simple triangles in ultralimits of metric spaces 

Definition 3.27 (fc-gons). We say that a metric space P is a geodesic (quasi-geodesic) /c-gon 
if it is a union of k geodesies (quasi-geodesics) qi,...,q^ such that (qj)+ = (qj+i)_ for every 
i = 1, fc (here + 1 is identified with 1). 

For every i = l,...,k, we denote the polygonal curve P \ (q^-i U qj by Xi (P), where 
X{ = (qj_i) + = (qi)-. When there is no possibility of confusion we simply denote it by Xi . 

Lemma 3.28. (1) Let P n , n € N, be a sequence of geodesic k-gons in metric spaces (X„,dist n ). 
Let to be an ultrafilter over N, such that lim a; (P r) ,) = P, where P is a simple geodesic k-gon in 
the metric space lim aJ (X n ) e with metric dist. Let V n be the set of vertices of P n in the clockwise 
order. Let D n be the supremum over all points x contained in two distinct edges of P n of the 
distances dist (x,V n ) . Then lim w D n = 0. 

(2) Let P be a simple k-gon in (X, dist). For every 5 > we define D$ = D$(P) to be the 
supremum over all k-gons Ps in X that are at Hausdorff distance at most 5 from P and over all 
points x contained in two distinct edges of P$ of the distances dist (x,V$), where Vs is the set of 
vertices of Ps. Then lim^oAs = 0. 

Proof. (1) Since the w-limit of the diameters of P n is the diameter of P, it follows that the 
diameters of P n are uniformly bounded w-almost surely. In particular D n is uniformly bounded 
(j-almost surely, therefore its cu-limit exists and it is finite. Suppose that lim^Dn = 2D > 
0. Then w-almost surely there exists x n contained in two distinct edges of P n such that 
dist n (x n , V n ) > D. Without loss of generality we may suppose that x n G [A n , B n ] n [B n , C n ] for 
every n, where [A n , B n ],[B n ,C n ] are two consecutive edges of P n such that lim^ ([A n , B n ]) = 
[A, B] , \\m u {[B n ,C n ]) = [B,C\, where [A,B],[B,C\ are two consecutive edges of P. Then 
lim ti '(x ra ) G [A, B] n [B,C], which by simplicity of P implies that lim w (x n ) = B. On the other 
hand we have that dist n (x n ,V ra ) > D, which implies that dist(lim a; (x n ), B) > D. We have 
obtained a contradiction. 

(2) Assume that lim^o-Dtf = 2D > 0. It follows that there exists a sequence (P n ) of A;-gons 
endowed with metrics such that their Hausdorff distance to P tends to zero and such that there 
exists x n contained in two distinct edges of P n and at distance at least D of the vertices of P n . 
According to [KaLi], it follows that lim^(P ra ) = P for every ultrafilter to. On the other hand 
D n > D for all n <G N. We thus obtain a contradiction of (1). □ 



Proposition 3.29 (limits of simple polygons). Consider an ultrafilter uj over N and a sequence 
of metric spaces, (X n , dist n ), n € N. Let e € ILY n /u; be an observation point. For every simple 
geodesic triangle A in lim^(A n ) e , for every sufficiently small e > there exists ko = ko(e) and 
a simple geodesic triangle A e with the properties: 

(a) The Hausdorff distance between A and A e does not exceed e; 
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(b) A £ contains the midpoints of the edges of A; 

(c) The triangle A £ can be written as lim UJ (P^), where each is a geodesic k-gon in X n , 
k < ko, P^ is simple and the lengths of all edges of P^ are 0(1) uj-almost surely. 

Proof. Let A, B, C be the vertices of A, in the clockwise order, and let Mab, Mbc and Mac be 
the midpoints of [A-B], [B,C] and [AC], respectively. 
We construct A e in several steps. 

Step I. Constructing not necessarily simple geodesic triangles A £ . 

For every small 6 > we divide each of the halves of edges of A determined by a vertex 
and a midpoint into finitely many segments of length at least 6 and at most 26. Let V be 
the set of endpoints of all these segments, endowed with the natural cyclic order. We call V a 
6-partition of A. We assume that {A B, C, Mab, Mbc-, Mac} C V. Every t G V can be written 
as t = lim aJ (t n ), hence V = lim' J (V n ), where each V n is endowed with a cyclic order. Let P n be 
a geodesic A;-gon with vertices V n , where k = |V|. The limit set As = \im u '(P n ) is a geodesic 
triangle with vertices A,B,C and at Hausdorff distance at most 6 from A. 

Notation: Let E, F be two points on an edge of A$. We denote the part of the geodesic side of 
As between E and F in As by [E, F]s- If E,F are two points on an edge of A, we denote the 
part of the side of A between E and F by [E, F]. This is to avoid confusion between different 
geodesies joining two such points. 

Step II. Making A e simple. 

For every 6 > 0, we consider Ds = Ds(A) given by Lemma 3.28. Let 

a(A) inf {dist (x, O x {A)) \ x G {A, B, C}} . 
By Lemma 3.28 we have lim^oAs = 0. Therefore, for 6 small enough we have 

2D S + 46 < q(A) and D s + 26 < ^ min {dist(A, B), dist(£, C), dist(C, A)} . (4) 

Fix a 6 satisfying (4), a (5-partition V of A, and a corresponding triangle A,5 = lim UJ (P n ). 

Let Ai and A 2 be the nearest to A points of V \Md s +s(A) on the edges [A, B] and [AC], 
respectively. For an appropriate choice of As, we may suppose that dist(A A) = dist (A A)- 
We note that dist(A A ) G [D s + 6,D S + 26}. Similarly we take B 1 e[B,C]nV,B 2 6 [B, A]nV 
and Ci G [C, A] n V, C 2 G [C,B] n V with dist(B,Bi) = dist(B,B 2 ) G [L>a + + 26] and 
dist(C, Ci) = dist(C, C 2 ) G [D a + <5, D 5 + 25]. 

Suppose that [A ,B^\s an d [Di,C 2 ]5 have a point E in common. The definition of Ds 
implies that E G Md s ({A, B, C}). On the other hand £ G [Ai,B 2 ]s implies E Md s ({A, B}) 
and E 1 G [Bi,C 2 ]«5 implies E g" Nd s ({B, C}), a contradiction. 

We conclude, by repeating the previous argument, that the segments [A,-B 2 ],5, [-E>i,C 2 ],5 
and [Ci, A]i5 are pairwise disjoint. Since dist (A A) , dist(D,D 2 ) < Ds + 26 < ^dist(AD), it 
follows that Mab is contained in [A,D 2 ],5. Likewise, Mbc and Mac are contained in [Di,C 2 ],5 
and [Ci, A]<5 5 respectively. 

Let dA be the supremum of dist(D, A) for all E satisfying two conditions: E G [A,A<5 
and dist(A)D) + dist(D, A^ = dist (A? j A- Since these two conditions define a closed set, it 
follows that there exists A G [A, A^ sucri tll& t dist(A,^') +dist(A,A = dist (A, A and 
dist(A y i / ) = ^a- Obviously A ^ {A, A}- In other words, A is the farthest from A point in 
[A, A]s which is contained in a geodesic joining A? and A Hence A has the property that every 
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geodesic joining it with A2 intersects [A±, A']g only in A' . Similarly we find points B' G [Pi, B]$ 
and C G [Ci,C] 5 . 

Recall that As = \im u '(P n ). Let P^ 1 be a sequence of polygonal lines in P n with endpoints 
A' n ,B^, having as limit L4',P 2 ]<5. Likewise let P^ and P£ be sequences of polygonal lines in 
P n , with endpoints B' n , C% and C' n , A n , having as limits [B', C 2 ]<5 and [C, A2]s, respectively. We 
consider the new sequence of polygons P' n = P* u [B*,B' n ] U P T f U [Cl,C' n ] U P° U K,<]. 
The limit set \iv^{P n ) is [A', P 2 ] 5 U Qb 2 b> U [P', C 2 ]« U fl Ca C U [C, A 2 ] 5 U Qa 2 a> where SB2B , = 
lim w ([P^, B' n ]) is a geodesic and likewise for Qc 2 C'-> 6a 2 A'- 

We have dist(C", A) = dist(C", A 2 ) + dist(A 2 , A) = dist(C", A 2 ) + dist(A 2 , A') + dist(A', A). 
It follows that by joining the pairs of points (C, A 2 ), (A2, A') and (A', A) by geodesies we obtain 
a geodesic from C to A. In particular [C, A2]s U £U 2 A' is a geodesic. Likewise, [A', P 2 ],5 U 0_b 2 _b' 
and [B',C2]s U Qc 2 c are geodesies. Therefore lim' J (P^) is a geodesic triangle with vertices 
.A', P', C". By construction the Hausdorff distance between and Ag is at most Ds + 25, hence 
the Hausdorff distance between A' s and A is at most Ds + 35. 

Suppose that two edges of A' s have a common point E. Suppose the two edges are [A', B2]s U 
qb 2 b> and [B',C 2 ]s U 0c 2 C- If P G [^',^i]<j then dist(A,P) < D s + 25. On the other hand 
E G [B', C 2 } S U Qc 2 c implies P G A/"d, +25 ([£, C]). Hence dist(A, [B, C]) < 2D S + 46 < a(A), a 
contradiction. 

If E G Bc-aC then dist(C,P) < D s + 25 which together with E G [A',P 2 ]<5 U Qb 2 b' C 
•A/r>4+2<s([A P]) implies dist(C, [A, B\) < 2D S + 45 < a(A), a contradiction. 

If E G L4i,P 2 ] 5 then E £ [Pi,C 2 ],5. Also since dist(P,P) > dist(P,P 2 ) = dist(P,Pi) it 
follows that P G" [P',Pi]5, a contradiction. 

If E G 0b 2 b' then an argument similar to the previous gives E [.61,62] a. We conclude 
that £e [P', Pi] 5 . By the choice of B' we have E = B' . 

We conclude that A^ is a simple geodesic triangle, containing the midpoints of the edges of 
A, at Hausdorff distance at most Ds + 35 from A, and A' s = lim^P^), where P' n is a geodesic 
ra-gon, with m < k + 3. 

Step III. Making polygons simple. 

Let D n be the supremum over all points x contained in two distinct edges of P' n of the 
distances from x to the vertices of P' n . Applying Lemma 3.28, (1), to [P' n ) and to A^ = lim^(P^) 
we obtain that D n tends to zero as n — > 00. Let v n be a vertex of P' n . We consider the farthest 
point v' n in the ball B(v n ,2D n ) contained in both edges of endpoint the vertex v n . Cut the 
bigon of vertices v n ,v' n from the polygon, and repeat this operation for every vertex v n of P' n . 
As a result, we obtain a new polygon P£ which is simple and at Hausdorff distance at most 2D n 
from P' n . It follows that lim w (P^) = \\^(P' n ) = A' s . □ 

Theorem 3.30 (being tree-graded is closed under ultralimits). For every n G N let F n be a 

complete geodesic metric space which is tree-graded with respect to a collection V n of closed 
geodesic subsets of¥ n . Let uj be an ultrafilter over N and let e G IL¥ n /uj be an observation point. 
The ultralimit lim w (F n ) e is tree-graded with respect to the collection of limit sets 

Vu; = {linr v (M„) I M n G Vn , dist(e n ,M n ) bounded uniformly in n} . 

Proof. Property (Ti). Let lim^(M n ) , lim aJ (M^) G V w be such that there exist two dis- 
tinct points x^^y^ in lim aJ (M n ) n lim a '(M^). It follows that x u = lim aJ (x n ) = lim aJ (x^ l ) and 
yjim uj (y n ) = lim^iy'J, where x n ,y n G M n , x' n ,y' n G M' n , dist{x n ,x' n ) = o(l), d\st(y n ,y' n ) = 
o(l), while dist(x n ,y n ) = O(l), d\st{x' n ,y' n ) = 0(1). 
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By contradiction suppose that M n ^ M' n cu-almost surely. Then property (T2) of the space 
F n and Corollary 2.11 imply that M n projects into M' n in a unique point z n and that z n € 
[x„,a4] n [y n ,y' n ]- It follows that dist(x n ,z n ) = o(l) and dist(y n , z n ) = o(l), therefore that 
dist(x n ,y n ) = o(l). This contradiction implies that M n = M' n w-almost surely, so lim w (M n ) = 
lim w (Af£). 

Property (T2). Let A be a simple geodesic triangle in lim a; (F n ) e . Consider an arbitrary 
sufficiently small e > and apply Proposition 3.29. We obtain a simple geodesic triangle A £ 
satisfying properties (a), (b), (c) in the conclusion of the Proposition. In particular A £ = 
lim^(P^), where P^ is a simple geodesic polygon in F n . Property (T^') applied to F n implies 
that P^ is contained in one piece M n . Consequently A e C lim w (M n ). Property (b) of A £ implies 
that lim w (M n ) contains the three distinct middle points of the edges of A. This and property 
(Ti) already proven imply that all triangles A e are contained in the same lim UJ (M n ). Property 
(a) and the fact that \vcn u) (M n ) is closed imply that A C lim w (M n ). □ 

Definition 3.31. Let P be a polygon with quasi-geodesic edges and with set of vertices V. 
Points in P \ V are called interior points of P. Let p £ P. The inscribed radius in p with 
respect to P is either the distance from p to the set O p , if p is a vertex, or the distance from p 
to the set P \ q if p is contained in the interior of the edge q. 




Figure 2: Properties (F\) and (F2). 

Definition 3.32 (fat polygons). Let 1? > 0, a > 1 and v > 4a. We call a /c-gon P with 
quasi-geodesic edges (ft, a, is) -fat if the following properties hold: 

(Fi) (large comparison angles, large inscribed radii in interior points) for every edge 
q with endpoints {x, y} we have 

dist(q\^({x,y}),P\q) > 0; 

(F2) (large edges, large inscribed radii in vertices) for every vertex x we have 

dist(x,O x ) > v&. 

Remarks 3.33. 1. For almost all applications, we can assume that a in that definition is equal 
to 2, so the "fatness" really depends on two parameters, 1? ad v. We need a to make fatness 
preserved under quasi-isometry (see Theorem 5.1). 

2. Property {F\) implies that in each of the vertices x,y certain comparison angles are at 
least \ and that in the interior points of P outside N a $(y) the inscribed radius is at least 
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3. Property (F2) ensures that for every edge q the set q \M^({x,y}) has diameter at least 
2cn9, in particular it is never empty. It also ensures that the inscribed radius in every vertex is 
at least wd. 

Proposition 3.34 (triangles in an asymptotic cone are w-limits of fat polygons). For every 
simple geodesic triangle A in Con w (X;e,d), for every sufficiently small e > there exists ko = 
ko(s) and a simple geodesic triangle A £ with the properties: 

(a) The Hausdorff distance between A and A £ does not exceed e; 

(b) A e contains the midpoints of the edges of A; 

(c) For every 1? > and v > 8, the triangle A £ can be written as ]xm u (P%), where each P^ is 
a geodesic k-gon in X, k < ko, and P% is 2, v)-fat uj-almost surely. 

Proof. Proposition 3.29 applied to (^X , ^-dist^, to, e and A implies that for every e > there 

exists ko = ko(e) and A e satisfying (a) and (b) and such that A £ = lim UJ (P n ), where P n are 
simple geodesic fc-gons in X, 3 < k < ko, such that the lengths of all edges in P n are 0{d n ) 
u>almost surely. Remark 3.2 implies that there exists m G {3, ...,ko} such that P n have m 
edges u;-almost surely. Let $ > and v > 8. We modify the sequence of polygons (P n ) so that 
their limit set stays the same while the polygons become (1?, 2, i/)-fat. 

Let V n = {v™, t>2 , . . . , f^j} be the set of vertices of P n in the clockwise order. We denote the 
limit set lim w (V n ) by V, and we endow it with the clockwise order on A e . There exists g > 
such that for every v G V, the distance between v and O v (A £ ) is at least 2g, where O v (A £ ) is 
taken in A e considered as a polygon with vertices V. It follows that w-almost surely for every 
i £ {1,2, ... , m} we have dist (w™, O w ™(P n )) > gd n . In particular, w-almost surely all the edges 
of P n have length at least gd n . 

Convention: In what follows we use the notation [vf ,v™ +1 ] for a generic edge of P n , where i + 1 
is taken modulo m. 

Let e n be the supremum of distances dist (x, V n ) for all x € [vf, vf +1 ] fl Nvti [Wjt v j"+i\) > * ^ 
j, i,j e {1,2, ... ,m}. Suppose that lim w ^ = 2r] > 0. Then there exist x n G bfj^I+i] H 



N v $ \ [v™ , v" +1 ]J , i / j, i,j € {1,2, .. . , m}, with dist (x n ,V n ) > f]d n o;-almost surely. Taking 
the w-limit, we get a contradiction with the fact that A e is simple. Therefore lim^^ = 0. 

Notation: We denote by 01 the set of all n G N such that for every j € {1,2,..., m} we have 
dist (vf, 0„™) > gd n and such that gd n > 2e n + 2 + (2v + !)■&. Obviously 01 G ui. 

Let [■yJLiji'"] and be two consecutive edges of P n . Let vf be the farthest point of 

vf in [vf_i, vf] nj\f en +i(vf ) contained in the ^T?-tubular neighborhood of a different edge p of P n . 
The edge p has to be at a distance at most e n + 1 + w& from vf. It follows that for every n G 01 
the edge p must be [vf , vf +1 ]. Therefore vf is the farthest from vf point in \vf_-y, vf ] contained in 
•N"v#([vf,vf +1 ]). Let vf be the farthest from vf point t n G [v™, such that dist(-u™ , t n ) < w&. 
It follows that d\st{vf ,vf) = w&. We modify P n by replacing U [vf,vf] with a geodesic 

We repeat the argument for each of the vertices of P n , and in the end we obtain a 
sequence of polygons P' n with at most 2m edges each. As the Hausdorff distance between P' n 
and P n is at most e n + 1 + w&, lim^P/J = lim w (P n ). 

Let us show that for n G 01, P' n is (1?, 2, z/)-fat. 

Verification of property [F\) for n G 01. 
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There are two types of edges in P' n , the edges of the form u^J, which we shall call 
restricted edges, and the edges of the form [uf which we shall call added edges. We denote 
by RE n the union of the restricted edges of P' n and by AE n the union of the added edges of P' n . 

Let [vf ,vf +1 ] be a restricted edge. We first show that for n G 91, 

dist {[vf,vf +1 ] \N 2 »{{vf,vf +l }),RE n \ [vf,vf +1 ]) > 0. 

Suppose there exists y in \ ^^({vf , vf +1 }) contained in A/^([v™, which is 

inside Nq([v™, with j ^ i Then y G J\f €n+ i({vf, vf + 1 }). The choice of ■uj ! fl implies that 

y G A/" en+ i(wf). Therefore dist(v", [t>™, < e ra + 1 + •&. The previous inequality implies that 

j = i — 1 for n G 9t. 

Hence there exists i G [^^-u^f] such that dist(t, y) < By the definition of €>™ we have 
t = vf. This contradicts the choice of vf. 
Now let us show that for n G 9t, 

dist (K, \ AMR^? + l}), ^n) > * 

Suppose there exists z in [{;", vf +1 ] \J^2^(,{vf , vf +1 }) contained in JV#([v™, It follows that 
2 belongs to the (e n + z/i? + l)-neighborhood of and that dist(u", [vf, vf +1 ]) < e n + wd + l. For 
n G 9t this implies that j G {i,i + 1}. Suppose j = z (the other case is similar). Let t G [vf , vf] 
with dist(i,z) < Then dist(6f,t) > dist(vf , z) -dist(t, z) > 2tf-tf > dist(i,z). It follows that 
dist(vf,z) < dist(vf,t) + dist(t,z) < dist(vf,t) + dist(vf ,t)dist(vf ,vf) = v-d. This contradicts 
the choice of vf. 

Now consider an added edge [v™,^™] C B(vf,e n + 1 + v&). Let n G 9t. If there exists 
u G [vf,vf]\Af 2 #({vf,vf}) contained in N${[v™,v™}) with j ^ z then u G A/^+i+^+i)^?;™). It 
follows that dist(vf,vf) < dist(vf,u) + dist(u,t>") < 2e n + 2 + (2z/ + This contradicts the 
fact that n G 9t. 

If there exists s G \ A/2,?({uf , vf}) contained in the i?-tubular neighborhood of 

then vf G J^(u+i)-d+e n +i{[v 1 j , Vj +1 }), which together with the hypothesis n G 9t im- 
plies that j G {i — The fact that dist(s,-u") > 2$ together with the choice of vf implies 
that dist(s, [vf, vf +1 ]) > 2-d. The fact that dist(s, vf) > 2-d together with the choice of vf implies 
that dist(s, "u"]) > 2$. Therefore j {i — l,i}, a contradiction. 

Verification of property (F2) for n G 9t. 

Let v = vf be a, vertex of P' n and let v = vf. We have that Ov(P^) = (RE n \ [vf_ 1 ,v]) U 
{AE n \ [v,vf]). The set RE n \ [vf^jv] is composed of [#f ^JY-J and of a part RE' n contained 
in O v {P n ). By construction we have dist(-u, [vf ,vf + i\) ^ v ®- On the other hand dist(-u, RE' n ) > 
dist(i>, RE' n ) — dist(u, v ) > dist(t> , O v (P n )) — e n — 1 > gd n — e n — 1, which is larger that v& for 
n G 91. 

Since AE n \ [v,vf] C J\f en+1+l/ #(V n \ {v}) it follows that 
dist(tl, AE n \ [v, if]) > dist(v, V n \ {v}) - e n - 1 - (e n + 1 + v&) > gd n - (2e n + 2 + v&)>wd 
for n G 91. 

Now let v = vf be a vertex of P' n . We have that Or u (P' n ) = (RE n \ [v, vf +l ]) U (AE n \ [v, v]). 
As before, we show that dist(i), AE n \ [v, v]) > wd for n G 91. 

The set RE n \ [v, vf +1 ] is composed of [vf_ 1 , v] and of RE' n . As above, dist(-u, RE' n ) > v& for 
n G 91. The distance dist(v, [vf.!, - ^]) is at least vQ by the choice of v. 

We conclude that for n G 91 the polygon P' n is 2, ^)-fat. □ 
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4 A characterization of asymptotically tree-graded spaces 



In this section, we find metric conditions for a metric space to be asymptotically tree-graded 
with respect to a family of subsets. 

Theorem 4.1 (a characterization of asymptotically tree-graded spaces). Let (X, dist) be a 
geodesic metric space and let A = {A,i \ i € 1} be a collection of subsets of X. The metric 
space X is asymptotically tree-graded with respect to A if and only if the following properties are 
satisfied: 

(qi) For every 5 > the diameters of the intersections ftf$(Ai) n ftfg(Aj) are uniformly bounded 
for all i ytz j. 

(«2) For every 9 from [0, 5) there exists a number M > such that for every geodesic q of 
length £ and every A £ A with q(0),q(f) € Met{A) we have q([0,^]) P\Nm{A) ^ 0. 

(03) For every k > 2 there exist $ > 0, v > 8 and x > such that every k-gon P in X with 
geodesic edges which is 2, u)-fat satisfies P C N X (A) for some A £ A. 




Figure 3: Property (012) • 

Remarks 4.2. (1) If the space X is asymptotically uniquely geodesic (for instance asymptoti- 
cally CAT(0)) then in (1^3) it is enough to consider k = 3 (only triangles). 

(2) From the proof of Theorem 4.1, it will be clear that conditions (a^); (a^) can be replaced 
by the following stronger conditions: 

(q' 2 ) For every L > 1, C > 0, and £ [0, \) there exists M > such that for every (L,C)- 
quasi-geodesic q defined on [0,£] and every A € A such that q(0), q(^) G Nqi/l(A) we have 
q([O,£])nAT M (A)^0; 

(a 3 ) For every L > 1, C > and k > 2, and for every cr > 1 and > 4a, there exist $0 > such 
that for every $ > $0 every fe-gon P with (L, C)-quasi-geodesic edges which is (i? , a , z/)-fat 
is contained in A/" X (A) for some A, where x = o-L 2 i} + c with c a constant independent 
of 1?. 

(3) Also from the proof of Theorem 4.1, it will be clear that for every e < \ the condition 
(a 2 ) can be replaced by the following weaker condition : 
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(q|) For every 9 from [0, e) there exists a number M > such that for every geodesic q of 
length £ and every A G A with q(0), q(£) G Net(A) we have q([0,£]) DAf M (A) ^ 0. 

i 

(Notice that condition (02) is the same as the condition (c^)-) 

(4) If A = {Ai \ i £ 1} satisfies conditions (cti), (02), (03), then the family Af c (A) = 
{J\f c (Ai) \ ie 1} also satisfies these conditions, for every c > 0. 

Proof of Theorem 4-1- First we show that conditions (ai), (a|) (for an arbitrary e < ^) and 
(03) imply that X is asymptotically tree-graded with respect to A. 

Lemma 4.3 ((ai) and (a|) imply uniform quasi-convexity) . Let (X,d) be a geodesic metric 
space and let A = {Ai \ i £ 1} be a collection of subsets of X satisfying properties (ai) and (a|) 
for some e. Let Mq = Mq(9) be the number from property (a|) corresponding to = |e. 

There exists t > such that for every A G A, M > Mq and x,y G Mm{A), every geodesic 
joining x and y in X is contained in MtM (A) . 

Proof. Suppose, by contradiction, that for every n G N there exist M n > Mq, x n ,y n G MM n (A n ) 
and a geodesic [x n ,y n ] not contained in Af n M n (A n ). For every n > 1 let D n be the infimum of 
the distances between points x, y G A/jw„ (^4) for some A G A such that [x, y] <f. M n M n (A) for 
some geodesic [x,y]. 

We note that D n > 2(n - l)M n > 2(n - 1)M , hence lim 

n^ooD-n — 00 • For every n. > 1, 
choose x n ,y n G A/M n (^4n) such that dist(x ra ,y ra ) = D n + 1. Also choose a n ,b n G [x n ,y n ] such 
that dist(x n ,a ra ) = dist(y ra ,6 n ) = e ( D ^ +1 ) _ Then dist(a ra ,v4 n ) < dist(a n ,x n ) + dist(x ra , A n ) < 
+ M n < e(D ^ +1) + ^^y. Likewise dist(&„, A n ) < e(D ^ +1) + On the other hand 

dist(a n , b n ) > dist(x„, y n ) - dist(x n , a n ) - dist(y n , b n ) > (1 — 0)(Ai + 1). For n large enough we 
have I + 2(TO 1 _ 1 - ) < %9. We apply (a|) with 9 = |e to [a n ,6 n ] and we deduce that there exists 
z n G [a n ,6„] nAf Mo {A n ). We have that either [x n ,z n ] £ M nMn { A n) or [z„,y n ] £ A^/J^n), 
while dist(x n , z ra ),dist(z n ,y n ) < (1 - f)(L>„ + 1) < D n for n large enough. This contradicts the 
choice of D n . □ 

Lemma 4.4. Let (X, d) be a geodesic metric space and let A = {Ai \ i G /} be a collection 
of subsets of X satisfying properties (qi) and (a|) for some e. Then in every asymptotic cone 
Con^A; e, d), every set lim w ( J 4 n ) is connected and a geodesic subspace. 

Proof. Indeed, consider any two points x = lim aJ (x n ), y = lim aJ (y„) in \\m u {A n ), and geodesies q n 
connecting x n ,y n in X. Then by Lemma 4.3, q n is inside A/"m(Ai) for some fixed M. Therefore 
the geodesic lim aJ (q n ) is inside lim^ {Mm {A n )) = lim UJ (A n ). □ 

Lemma 4.5. Let (X, d) be a geodesic metric space and let A = {Ai \ i G /} be a collection of 
subsets of X satisfying properties (a\) and (a|). Then in every asymptotic cone Con u '(X]e,d) 
the collection of subsets A w satisfies (Ti). 

Proof. Suppose that, in an asymptotic cone Con w (A; e, a!) of X, the intersection lim w (Ai n ) n 
lim^ ( A, n ) contains two distinct points lim^(x n ), lim^(y n ) but Ai n 7^ Aj n cj-almost surely. For 
every n > 1 consider a geodesic [x n , y n ]. Its length £ n is 0(d n ) while 5 n defined as the maximum 
of the distances dist(x n , A in ), dist(x n , A jn ), dist(y n , A in ), dist(y ri , A jn ), is o(d n ). According to 
Lemma 4.3, [x n ,y n ] is contained in Afts n (A in ) nM t s n (A jn ) for some t > 0. 

Consider a n ,b n G [x n , y n ] at distance 6t5 n from x n and y n , respectively. Property (a|) can be 
applied twice, to [x n ,a n ] C [x n ,y n ] and Ai n (resp. Aj n ) for n large enough. It implies that there 
exist z n G [x n , a n \ PiNM {Ai n ) and z' n G [x n , a n ] nA/jw (^j„) (where Mq is the same as in Lemma 
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4.3). A similar argument for [b n ,y n ] C and Ai n (resp. Aj n ) implies that there exist 

u n G [b n ,y n ] nN M o(A n ) and u' n G [b n ,y n ] nN Mo {A jn ). Hence [a n ,b n ] C [z n ,u n ] C Mm (\) 
and [a n ,6 n ] C C JVtM (4)J- Jt follows that [a n ,6 n ] C jV t M (\) njV fMo (4), while 

dist(a n ,6 n ) = 0(d n ). This contradicts property (a\). □ 

Lemma 4.6. (asymptotic (Ti) and (03) implies asymptotic (T2)) Lei (X, dist) 6e a geodesic 
metric space and let A = {Ai \ i G /} be a collection of subsets of X. Suppose that property (03) 
holds. Then every simple geodesic triangle in any asymptotic cone Con w (X; e, cf) is contained in 
one of the sets from Au>- 

Proof. Let A be a simple geodesic triangle in Con w (X; e, d). Let e m = ^tft be fixed, for every 
large enough integer m. By Proposition 3.34, we can find ko and a simple triangle A m = A £m = 
lim u '(P™) satisfying properties (a),(b), and (c) for $ and v > 8 given by (03) for ko(£ m ). It 
follows that w-almost surely, P™ are contained in M x {A n ) for some A n G „4. We conclude that 
A m C A w = l\m UJ {A n ). By property (b) all triangles A m have at least 3 distinct points in 
common (e.g. the midpoints of the edges of A). This and property (Ti) of the collection 
imply that the set A^ is independent of m. Since A is a Hausdorff limit of A m and A^ is closed 
(see Remark 3.10), we deduce that A C i w . □ 

Lemmas 4.4, 4.5 and 4.6 show that (cci), (a|), (03) imply that the space X is asymptotically 
tree-graded. Now we prove the (stronger version of the) converse statement. 

Lemma 4.7 (asymptotic (Ti) implies («i)). Let (X, dist) 6e o geodesic metric space asymptot- 
ically satisfying (Ti) mi/i respect to A. Then X satisfies (qi) with respect to A. 

Proof. By contradiction, suppose X asymptotically satisfies (Ti) but for some 8 > there 
exists a sequence of pairs of points x n , y n in 

A/^AJ nAf s (A jn ), where A in and A,- n are distinct 
sets in A, with lim n _ >00 dist(x ra , y n ) = 00. Set the observation point e to be (xn)^, and let 
d n = dist(x„,y„) for every n > 1. Then Mi = lim a '( J 4j ri ) and M2 = lim 1 ^ (A^ ) are not empty, 
so these are distinct pieces in Con^(X;e,d). The limits x = lim u, (x n ) and y = lim £i '(y r j) are 
distinct points in Con w (X; e, d) that belong to both M\ and M^. This contradicts (Ti). □ 

Definition 4.8 (almost closest points). Let x £ X , A, B Q X . A point y G A is called an 
almost closest to x point in A if dist (a;, y) < dist (x , A) + 1. Points a £ A, b £ B are called almost 
closest representatives of A and B if dist(a, 6) < dist (.A, -B) + 1. 

Definition 4.9 (almost projection). Let x be a point in X and A C X. The almost projection 
of x on A is the set of almost closest to x points in A. For every subset B of X we define the 
almost projection proj^(-B) of B onto A as Utes P ro JA(^)- 

Remark 4.10. If all A e A were closed sets and the space X was proper (i.e. all balls in X 
compact) then we could use closest points and usual projections instead of almost closest points 
and almost projections. 

Lemma 4.11. If the space X is asymptotically tree-graded with respect to A then for every 
x £ X, A £ A, with dist (a;, A) = 2d 

di&m(proj A (Af d (x)) = o(d). 
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Proof. Suppose there exists e > and x n G X, A n G .4 with dist(x ra , A n ) = 2<i n , linin^ootin = oo, 
and the projection pio) An (J\fd n (x n )) is of diameter at least ed n . Let e = (x n ) and d = (d n ). In the 
asymptotic cone Con w (X; e, d), we have the point x = lim w (x n ) at distance 2 of A = lim u '(A n ), 
two points y,z £ J\f±(x), and two points y', z' in ^4 such that y', z' are the respective projections 
of y, z onto A, but dist(y', z') > e. This contradicts Lemma 2.8. □ 

Lemma 4.12 (asymptotically tree-graded implies (a' 2 ))- Let (X, dist) be a geodesic metric space 
which is asymptotically tree-graded with respect to A. Then X satisfies (a' 2 ). 

Proof. Fix L > 1, C > 0. By contradiction, suppose that for some fixed 6 G [0, \) there 
exists a sequence of (L, C)-quasi-geodesics q n : [0,£ n ] X and a sequence of sets A n G .A, 
such that q n (0),q n (4i) G Af een / L (A n ) and dist (q n ([0, £„]), A n ) = 2£> n , lim n ^ooZ) n = oo. Since 
dist (q n ([0,£ n ]),A n ) < L£ n + ^ this implies limn^oo^ = oo. 

Let t = < ti < ••• < £ m _i < t m = 4 be such that < dist(ti,t i+1 ) < ^f^- 

for all i G {0,1,... , m — 1}. We have m < ^Lin f or j ar g e enough n. Let y% be an almost 
projection of q n (ti) onto vl n . According to Lemma 4.11, dist(yj, = o{D n ). Consequently 
dist(q n (0), q„(4)) < dist(q n (0), y ) + S^Mist^, y i+1 ) + dist(y m , q n (4)) < + m ' ( z? «) ^ 
+ 3Lo(l)4i- On the other hand dist(q n (0), q n (£ n )) > - C. This is a contradiction with 
9<\. ' □ 

It remains to prove that being asymptotically tree-graded implies (03). 

Definition 4.13 (almost geodesies). If an (L, C)-quasi-geodesic q is L-Lipschitz then q will be 
called an (L,C) -almost geodesic. 

Remark 4.14. Every (L, C)-quasi-geodesic in a geodesic metric space is at bounded (in terms 
of L, C) distance from an (L + C, C)-almost geodesic with the same end points [Bo, Proposition 
8.3.4]. 

Lemma 4.15 (A is uniformly quasi-convex with respect to quasi-geodesics) . Let X be a geodesic 
metric space which is asymptotically tree-graded with respect to a collection of subsets A. For 
every L > 1 and C > 0, there exists t > 1 such that for every d > 1 and for every A £ A, every 
(L,C)- quasi- geodesic joining two points in Afd(A) is contained inJ\ftd(A). 

Proof. Suppose by contradiction that there exists a sequence q n : [0, £ n ] — > X of (L, C)-quasi- 
geodesics with endpoints x n ,y n G Md n {A n ) such that there exists z n G q n ([0,£ n ]) with k n = 
dist(z ra ,yl ra ) > nd n > n. By Remark 4.14, we Ccin assume that ea.cli c| n is an (L + C, C)- 
almost geodesic. This allows us to choose z n G q n ([0,£ n ]) so that dist(z„,yl n ) is maximal. In 
Con u '(X; (z n ), (k n )), the limit set q = lim w (q n ) is either a topological arc with endpoints in 
lim UJ (A n ) and not contained in lim UJ (A n ), or a bi-Lipschitz ray with origin in lim^^n) or a 
bi-Lipschitz line (Remark 3.15). Notice also that q is contained in A/'i(lim w ( J 4 n )). In all three 
cases we obtain a contradiction with Corollary 2.9. □ 

Let (X, dist) be a geodesic space that is asymptotically tree-graded with respect to the 
collection of subsets A. 

Notation: For every L > 1, C > 0, we denote by M(L, C) the constant given by (a' 2 ) for = \- 
We also denote by dist the distance function in any of the asymptotic cones of X. 

Conventions: To simplify the notations and statements, in the sequel we shall not mention the 
constants L > 1 and C > for each quasi-geodesic anymore. We assume that all constants 
provided by the following lemmas in the section depend on L and C. 
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Lemma 4.16. Let q n : [0,£ n ] — > X, n > 1, be a sequence of (L,C)- quasi- geodesies in X and let 
A n , n > 1, be a sequence of sets in A. Suppose that dist(q n (0), A n ) = o(£ n ), dist(q n (£„), A n ) = 
o(£ n ) uo-almost surely. Then there exists t n G [0, \£ n \, t n € [^£ n ,£n] such that q n (t n ) G J\fM(A n ), 
i = 1,2, where M = M(L,C), oj -almost surely. 

Proof. By Lemma 4.15, the quasi-geodesic q n is inside Mt n (A n ) for t n = o(£ n ). It remains to 
apply (a' 2 ) to the quasi-geodesics q n ([0, \£ n \) and q n ([§4u £ n }). □ 

Lemma 4.17 (linear divergence). For every e > and every M > M(L,C) there exists t £ > 
such that if A £ A, q is a quasi- geodesic with origin a G Mm (A), such that q n Mm (A) = {a} 
and t >t £ then 

dist(q(i), A) > (1 - e)dist(q(t), a) . 

Proof. We suppose that for some e > there exists a sequence A n G A, a sequence q n of quasi- 
geodesics with origin a n G Mm (An) such that q n nA/*M(Ai) = { a n}, arid a sequence of numbers 
t n — > oo with the property 

dist(q n (£ n ),A n ) < (1 -e)dist(q„(t 

raj) a raJ • 

In Con w (X; (a n ), (in))j we obtain the points a = lim aJ (a n ) G lim a; (^4 n ) and 6 = lim tJ (q ri (t n )), 
joined by the bi-Lipschitz arc q([0, 1]) = lim a; (q n ([0, t n ])), such that 

dist(6, lim a; (A n )) < (1 - e)dist(6, a). 

It follows that the projection of b on lim u '(A n ) is a point c ^ a. Corollary 2.11 implies that 
q([0, 1]) contains c and Corollary 2.10 implies that a sub-arc q( [0,2/3]) of q([0, 1]) is contained 
in lim a; ( J 4 n ). We apply Lemma 4.16 to the sub-quasi-geodesic q n ([0,/3t n ]) and obtain that this 
sub-quasi-geodesics intersects Mm (An) in a point different from a n , a contradiction. □ 

Lemma 4.18. For every e > 0, 5 > and M > M(L, C) there exists D > such that for every 
A £ A and every two quasi-geodesics q« : [0, £j\ — > X, i = 1, 2, £/taf connect a G A/m (A) w/ii/i two 
points b\ and b<i respectively, if the diameter of q\ HA/mC-A) efoes not exceed 5, bi G A/m(A), <mi<2 
dist(a, 62) > ^en 

dist(6i,6 2 ) > -r—(£i+£2). 

Li -\- S 

Proof. Suppose there exist sequences q\ n ^ : [O,^] — > X, i = 1, 2, n > 1, of pairs of quasi- 
geodesics joining a*™) G Mm (An) to fej" - - 1 such that q^ C\ Mm(A h ) has diameter at most 5, 
bP G M M (An), lim n ^ 00 dist(a^,6^ ) ) = 00, but 

dist(6^,^)<-l-(^+4 n )). (5) 

Denote dist(o>), oJ n) ) by /„ and dist(o>), 4 n) ) by d n . Since 4™ } < L(/ n + C), < 
L(d n + C), for every large enough n the inequality (5) implies that 

dist(6i n) ,6( n) )<(l- 7 )(/ n + d n ). (6) 

for some 7 > 0. 
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Case I. Suppose that lim^(j i ) < oo. In the asymptotic cone Con w (X; (a n ), (d n )), the two 

points lim^ (6^ ) , i = 1, 2, are joined by the Lipschitz arc lim aJ (q^ n ' ) ) U lim^q^) (it is Lipschitz 
as any union of two Lipschitz arcs). Lemma 4.17 implies that 

lim w (q[ n) ) n lim w (q^ n) ) = lim w (a< n >) 

(here we use the fact that the diameters of the intersections q^ with Mm {An) are uniformly 

(n) 

bounded, so we can cut a comparatively little piece of each q\ to make it satisfy the conditions 
of Lemma 4.17). 

Thus the points lim^ (b^) are joined by the simple arc lim UJ (q^) U lim^qg^). This and 
property (T^) imply that every geodesic joining lim u '(6j 7 ^) and lim^ (b^) contains lim w (a( n )). 
Therefore 

dist(lim w (6i n) ),lim w (6^ ) )) = dist(lim w (6i n) ), lim w (a (n) )) + dist(lim w (a (n) ), lim w (6^ n) )). 
This contradicts the inequality (6). 

Case II. Suppose that lim u ^ = oo. In the asymptotic cone Con w (X; (a*™)), (/ n )), we denote 

a = lim w (a( n )) = lim w (6^ n) ) G lim w (,4 n ) and b = lim w (6^ n) ). Then inequality (6) implies that 
dist(a, b) < (1 — 7)dist(a, b), a contradiction. □ 

Lemma 4.19. For every M > M(L, C), e > and 5 > there exists D' > such that for every 
A £ A, and every two quasi- geodesies q^ : [0, £i] —* X, i = 1,2, joining a in Mm (A) with hi, if 
the diameter of qi C\Mm{A) does not exceed 5, b 2 G Mm {A), dist(a,&2) > D' , then the union 
qi U q2 of these two quasi- geodesies is an (L + e, K)- quasi- geodesic, where K = 2D' . 



bi 




Figure 4: Lemma 4.19 

Proof. Let q = q x U q 2 : [0, 4 + i 2 \ -> X. For every [ti, t 2 ] C [0, l\ + £2] we have 

dist(q(ti), q(t 2 )) < L{t 2 - h) + 2C 
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by the triangular inequality. This implies dist(q(ti), q(t 2 )) < (L + s){t 2 — h) + K, for K > 2C. 
We need to prove that for some well chosen K we have 

— !— (i 2 _ h ) - K < dist(q(ti), q(t 2 )) . (7) 

We consider the constant D given by Lemma 4.18 and set D' = 2L 2 {D+C)+C and K = 2D'. 
The hypothesis dist(a, b 2 ) > D' implies that £ 2 > 2L(D + C). 

Let [t i , *2] C [0,^1+^2]- If £2 — *i is smaller than 2L(D+C) then (7) obviously holds. Suppose 
that t 2 -h> 2L(D + C). If t 2 ] n [£1, £1 + £ 2 ] is an interval of length at least L(D + C) then 
the distance between q(£i) and q(t 2 ) is bigger than D. Lemma 4.18 implies (7). 

The same inequality is true if (t\,t 2 ) does not contain i\. Suppose that [t\, t 2 ] n [£i,£\ + £ 2 ] 
is a nontrivial interval of length at most L(D + C). Then 

dist(q(ti), q(t 2 )) > dist(q(ti), q(4)) - dist(q(t 2 ), q(*i)) > -{£1 - ti) - £>' > -(t 2 - ii) - 2D' 

and (7) holds. □ 

Definition 4.20 (saturations). For every (L, C)-quasi-geodesic q in X we define the saturation 
Sat(q) as the union of q and all A G A with Mm{A) n q / 0. 

Lemma 4.21. Let q n be a sequence of (L,C)- quasi- geodesies in X. In every asymptotic cone 
Con w (X; e, d) if the limit lim aJ (Sat (q n )) is not empty then it is either a piece lim UJ (A n ) from 
or the union of p = lim aJ (q n ) and a collection of pieces from A u such that each piece intersects 
lim w (q r j) in at least one point and all pieces from A^ that intersect lim^(q n ) in a non-trivial sub- 
arc are in the collection (recall that by Corollary 2.10 if a piece in a tree-graded space intersects 
an arc in more than two points then it intersects the arc by a sub-arc). 

Proof. Case I. Suppose that lim^ dlst (^'i") < qq_ L e t u n G q n be an almost closest point to 
e n in q n . 

Suppose that a piece A = lim a; (^4 n ) intersects q = lim^(q n ) in an arc q([ii,i 2 ])> ti < t 2 . This 
arc is a limit of sub-quasi-geodesics q' n of q n defined on intervals of length (t 2 — t\)d n . The ends 
of q' n are at distance o{d n ) from A n w-almost surely. Lemma 4.16 implies that u;-almost surely 
A n C Sat(q n ) since diam(J\f M (A n ) n q n ) = 0(d n ). 

Suppose A is such that A n C Sat(q n ) and lim^ dlst( ^"' An - ) < 00. Let a n be an almost nearest 
point to u n in q n f]J\fM (A n ) . Lemma 4.15 implies that the sub-arc q' n of q n with endpoints u n and 
a n is contained w-almost surely in J\ft n (A n ) for some number t n = 0{d n ). If lim^ dlst ^"' a "^ = 00 
then by applying Lemma 4.16 we obtain (w-almost surely) a point in q n n Nm^u) nearer 
to u n than a n by a distance 0(d n ), a contradiction. Hence lirn^ dist (u n , a n )/d n < 00. Then 
a = lim UJ (a n ) exists and is an intersection point of A with q. 

Case II. Suppose that lim^ dist( ^' qn) = 00. Let A n C Sat(q„) be such that lim^ dist( ^' An) < 00. 
We have A = lim w (yl n ) C lim w (Sat(q n )). Suppose there exists B = Ymi Ld (B n ) C lim"(Sat(q n )) 
with B 7^ A whence B n 7^ A n w-almost surely. 

For every n > 1, let y n be an almost closest to e n point in A n . Also pick b n = q n (t n ) G 
NuiBn). If dist(t n , q~ l (NM{A n ))) = then we set s n = t n . Otherwise let s n be the almost 
closest to t n number in q~ 1 (MM{A n )). We assume that s n < t n otherwise we can reverse the 
orientation of q n . Then the diameter of the intersection of q n ([sn,in]) with Mm (An) is bounded 
in terms of L, C. By Lemma 4.19, x n = [y n , q n (s n )] Uq ra ([s n , t n \) is an (L + e, K)-quasi-geodesic 
where [y n ,qn(s n )] is any geodesic connecting y n and q n (s n ) in X. 
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Notice that dist(y n ,B n ) < 0(d n ), q n (t n ) G B n . Then by Lemma 4.15, x n C N (d n ){Bn) 
w-almost surely. Applying Lemma 4.16 we find y' n ,a' n in [y n An{s n )] with d\st{y' n , a' n ) = 0{d n ) 
which belong to both Mm {An) and Mm{B u )- This contradicts property (cm). 

Thus we can conclude that there is no sequence B n C Sat(q n ) with B n ^ A n w-almost surely, 
such that lim^ dist( ^' Bn) < oo. Hence in this case lim a, (Sat(q n )) = A. □ 

Lemma 4.22. For every d > 0, every (L, C)- quasi- geodesic q and every A G A, Mm (A) f) q = 0, 
i/ie diameter of Md(A) n A/"d(Sat(q)) is bounded in terms ofd,L,C. 

Proof. Suppose that for some d > and some (L, C) there exist sequences of (L, C)-quasi- 
geodesics q n , of sets A n € A, A n gt Sat(q n ), and of points x n ,y n € Md{A n ) n A/d(Sat(q n )) such 
that the sequence dist(x n ,y„) = p„ is unbounded. Consider the corresponding asymptotic cone 
Con w (X; (x n ), The limit sets lim a; ( J 4 n ) and lim aJ (Sat(q n )) contain points x = lim w (x„) 

and y = lim a; (y n ) in common, dist(x, y) = 1. By Lemma 4.21, either lim a; (Sat(q n )) is lim tJ (^4^) 
with A' n e A, A' n ^ A n w-almost surely, or lim w (Sat(q„)) is equal to Y(q) where q is the arc 
lim u; (q n ), and lim UJ (A n ) <f_ lim^(Sat(q„)). In the first case we get a contradiction with property 
(Ti) for A. In the second case we get a contradiction with Lemma 2.23, part (2). □ 

Lemma 4.23 (uniform variant of Lemma 4.11 for saturations). For every x G X and every 
(L, C) -quasi-geodesic q in X with dist(x, Sat(q)) = 2d, 

diam(proj Sat{ q ) (AA d (x)) = o(d). 

Proof. By contradiction, suppose that there exists a sequence of quasi-geodesics q n and points x n 
with lim w dist(a; n , Sat(q n )) = 2d n such that lim^cin = oo, and the almost projection of Nd n {x n ) 
on Sat(q ra ) has diameter at least td n for some fixed t. In the asymptotic cone Con aJ (X, (x n ), (d n )) 
we have, according to Lemma 4.21, that lim w (Sat(q n )) is either one piece or a set of type Y. We 
apply Lemma 2.23, part (2), and get a contradiction. □ 

Lemma 4.24 (uniform property (a' 2 ) for saturations). For every A > I, k > and 6 G [0, \) 

there exists R such that for every (A, k) -quasi- geodesic c : — > X joining two points in 
M$£/l (Sat(q)), where q is a quasi- geodesic, we have c([0,£]) n A//j(Sat(q)) / (in particular, the 
constant R does not depend on q). 

Proof. One can simply repeat the argument of Lemma 4.12 but use Lemma 4.23 instead of 
Lemma 4.11. □ 

Lemma 4.25 (uniform quasi-convexity of saturations). For every A > 1, k > 0, there exists 
t such that for every R > 1, for every quasi- geodesic q, the saturation Sat(q) has the property 
that every (A, k)- quasi- geodesic c joining two points in its R-tubular neighborhood is entirely 
contained in its rR-tubular neighborhood. 

Proof. By Remark 4.14, it is enough to prove the statement for (A,/t)-almost geodesies c. Sup- 
pose there exists a sequence of quasi-geodesics q n , a sequence of numbers R n > 1, a sequence c n 
of (A, K)-almost geodesies joining the points x n ,y n in the i? n -tubular neighborhood of Sat(q n ) 
such that c n is not contained in the ni? n -tubular neighborhood of Sat(q n ). 

Let z n £ c ra be such that d n = dist(z n , Sat(q Tt )) is maximal. By Lemma 4.21, in the asymp- 
totic cone Con^X; (z n ), (d n )), we have that S = lim w (Sat(q n )) is either one piece or a set Y(q) 
of type Y. On the other hand by Remark 3.15 lim w (c n ) is either a topological arc with endpoints 
in S and not contained in it, or a bi-Lipschitz ray with origin in S or a bi-Lipschitz line. In 
addition, lim a; (c ra ) is contained in N\(S). In all three cases Lemma 2.23, part (2), and Corollary 
2.9 give a contradiction. □ 
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Lemma 4.26 (saturations of polygonal lines). Let X be a geodesic metric space. Then the 
following is true for every k > 1. 

(1) For every n > 1, let (jf=i l!"^ ^ e a polygonal line composed of {L,C)-quasi-geodesics 0^. 
Then in every asymptotic cone the limit set lim w (|J* : =1 Sat(q^ n ' ) )) = Ui=i hm w (Sat(q^)) 
is either a piece or a connected union of sets of type Y (as in Lemma 2.23, part (3)). 

(2) The results in Lemmas 4-23, 4-24, 4-^5 are true if we replace Sat(q) with Ui=iSat(qj), 
where (jf=i 1« a polygonal line composed of (L,C)-quasi-geodesics. 

(3) For every S > 0, for every polygonal line (Ji=i 1* composed of (L,C)- quasi- geodesies, and 
every A G A such that A (jf=i Sat (q^), i/ie intersection Ms (A) C\Ms (lJi=i Sat (q^ /ias 
a uniformly bounded diameter in terms of A, qi, . . . , q&. 

Proof. We prove simultaneously (1), (2) and (3) by induction on k. For k = 1 all three statements 
are true. Suppose they are true for i < k. We prove them for k + 1. We note that (1) implies 
(2) in the same way as Lemma 4.21 implies the cited Lemmas, and the implication (1) =4» (3) 
follows from Lemma 2.23, part (3) (the argument is essentially the same as in Lemma 4.22). 
Thus it is enough to prove part (1). 

Let Con w (X;e, d) be an asymptotic cone. We suppose that 

dist (e n ,USSat(^ n) )) 
lim w ^ ^ ^- < oo 

d n 

(otherwise the w-limit is empty). There are two possible situations. 
Case I. Suppose that there exists an integer i between 2 and k such that 

dist (e n ,Sat( qi (n) )) 
lim^ — — < oo. 

d n 

By the inductive hypothesis lim w (|Jj = i Sat (q^^J) is a set of type Y, and so is the set 

fc+i 

lim w ((JSat(q< n) )). 



These two sets have a common non-empty subset lim w (Sat ^qj"^)- Since a connected union of 
two sets of type Y is again a set of type Y, statement (1) follows. 

Case II. Suppose that for every i between 2 and k, we have 

dist (e ri ,Sat(qf ) )) 
lim^ — — = oo. 

d n 

If the same is true either for i = 1 or for i = k + 1 one can apply Lemma 4.21. Thus suppose 
that for i = 1, k + 1, we have 

(n) 



dist (e ni Sat (qf 



lim^ < oo. 

d n 
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By Lemma 4.21, for i = 1, k + 1, for the limit set lim w (Sat(qj n ' ) )) one of the following two 
possibilities occurs: 

(Aj) it is equal to lim w (A n ), where A n G A,A n C Sat(q^ n) ); 

(Bj) it is equal to Y (q^) as in Lemma 2.23, part (2), where q« = lim a, (q^). 

It remains to show that the union lim w (Sat(q[ n) )) Ulim w (Sat(qg 1 )) is connected. 
Suppose that we are in the situation (Bi). Let u n G q^ be an almost nearest point 
from e n . Then dist(u n ,e n ) = 0(d n ). Let v n G Uj=2 Sat (ij"^) ^ e an almost nearest point 

to e n . By our assumption, w-almost surely v n G Sat (qj,"^) and dist(v n ,e n ) = 0(d n ). Hence 
dist(u n , v n ) = 0{d n ). Let be the constant given by the variant of Lemma 4.24 for polygonal 
lines composed of k (L, C)-quasi-geodesics with (A, k) = (L, C), 6 = | (that exists by the in- 
duction hypothesis). Let a n be an almost nearest point from u n in q[' 



Jj=2 

Let p( n ) be the sub-quasi-geodesic of q 1 ^ with endpoints u n and a n . According to the part (2) of 
the proposition (which by the induction assumption is true for k), p( n ) C Aftd n (lJj=2 Sat(q^)^ 
for some t independent on n. If dist(u n , a n ) 3> d n then according to Lemma 4.24 there exists an- 
other point on p( n ) HA/r,. (l_Jj=2 Sat (ij"^)) wnose distance from u n is smaller than dist(a ra ,u n ) 
by 0(d n ), a contradiction. Therefore dist(it n ,a n ) < 0(d n ) and the limit point lim w (a n ) is a 
common point of q 1 and lim^U^ 1 Sat (q ? W )) = lim w (Sat (q^)). 

The same argument works if we are in the situation (Bfc+i). Therefore we suppose that we 
are in the situations (Ai) and (Afc+i). We have that lim a; (Sat (q\ n ^),i = 1, k + 1, is equal to 

lim w (^ n) ), where G A,Af ] C Sat (qj n) ). Suppose that A^ + 4™\ w-almost surely. Let 

G Sat (if^) be an almost nearest point from e n . By hypothesis vf^ G A^\ 
The two assumptions: 



i G {2, . . . , k}, and 



,. dist(e ra ,Sat(q t (w) )) 

hm w = oo, 

d n 



lim-(Sat(qg 1 )) = lim-(4^ 1 ) 



imply that A^ l) <£ U*=2 Sat(q^ n) ) u;-almost surely. 

Suppose that [0,^ n ' ) ] is the domain of q^\ The following two cases may occur. 
Case I. If the distance from £^ to the pre-image (qj"^) -1 ^^) is at most LC+1 then we denote 
q( n )(^( n )) ^ an \Ye have that dist(a n , q^ n 4"^) < L 2 C + L + C, which implies by Lemma 
4.15 that a geodesic p n = [v^\ a n ] is contained in the t(L 2 C + L + C)-tubular neighborhood of 
Af\ 

Case II. If the distance from £^ to (q^)' 1 (A^) is larger than LC + 1, then we consider 
t n G [0,4™^] at distance LC + 1 of (q^ )~ 1 (A^ ) such that all points in [tn,^] are at distance 
at least LC + 1 of (q ( ( l ^)~ 1 (A^). We denote by a n the point q^\t n ). According to Lemma 4.15 
we have that a geodesic [v^\a n ] is contained in the t(L 2 C + L + C)-tubular neighborhood of 

4"). 



42 



By our assumption, lim^ dlst (^ — '^1 = OQm Lemma 4.19 implies that [v^, a n ] and the re- 
striction of q^ to [t n ,i^] form an (L + e, K)-quasi-geodesic w-almost surely. We denote it by 

Pn- 

Both in Case I and in Case II we have obtained an (L + e, i^)-quasi-geodesic p n with 
one of the endpoints and the other one contained in q^ . The distance from to 
\Ji=2 Sat(qf^) does not exceed dist(vj™\ v^i), hence it is at most 0{d n ). It follows that p n C 
Mo(d n ) (\Jt=2 S a t(q|™' ) )^ • In particular [v^\ a n ] is contained in the same tubular neighborhood. 
Since the length A n of [v^\ a n ] satisfies lim^^ 21 = oo, by applying Lemmas 4.24 and 4.25 we 
obtain that a sub-segment [a n , (3 n ] of [i> n , a n ] of length is contained in N t r (US ^ at (in)) > 

where R is an universal constant. On the other hand we have [a n ,(3 n ] C Nt(L 2 c+L+c){Ai )■ 
This contradicts the inductive hypothesis (3). We conclude that if we are in situation (Ai) then 

dist(e n ,Sat(q^ 1 )) 

iiniu, dn - oo. i_i 

Corollary 4.27. Zei A be a quasi- geodesic triangle. Then every edge a of A is contained in an 
M-tubular neighborhood of Sat(b) U Sat(c), where b and c are the two other edges of A and M 
is an universal constant. 

Lemma 4.28. For every R > 0, k G N and 5 > there exists x > such that if Ui=i 
is a polygonal line composed of quasi- geodesies and A,B G A,Al) B C ULi Sat (li), A + B > 
the following holds. Let a G A/r(^4) and b G Mr(B) be two points that can be joined by a 
quasi- geodesic p such that p n Mr(A) and p fl Mr{B) has diameter at most 5. Then {a,b} C 

(Uti *) • 

Proof. Suppose q^ is defined on the interval [0,4]- Let r : [0, J2i=i ^i] —> X be the map defined 
W r (Eti ti + 1) = for a11 * e [Mj] and a11 J G {2, . . . , k}. It satisfies 

dist(t(t), t(a)) < L\t -s\ + kC . (8) 

Let xbea point in xC\Nm{B) and t x G [0, J2i=i ^i] snch that x(t x ) = x. We have two cases. 

(a) If the distance from t x to the pre-image r _1 (A/M(^4)) does not exceed LC + 1 then x G 
NM+L 2 c+L+kc{A) by (8). By Lemma 4.19, if dist(a,x) is larger than D' then the union of p 
and a geodesic [a, x] form an (L + e, X)-quasi-geodesic, with endpoints in J\[r + m(B). It follows 
that this quasi-geodesic and in particular [a, x] are contained in Aft(M+R)(B)- On the other hand 
[a,x] is contained in N t (M+R+L 2 c+L+kC){A). If dist(a, x) is larger than the diameter given by 
(ai) for 5 = t(M + R + L 2 C + L + fcC) then we obtain a contradiction with (cci). 

(a) Suppose that the distance from t x to x~ 1 (Mm(A)) is larger than LC + 1. Consider sq at 
distance LC + 1 from x~ 1 (J\Tm{A)) such that every s between sq and is at distance at least 
LC + 1 from t _1 (./vM(^4))- It follows that t([so,£r]) or t([i x ,so]) is disjoint of Mm(A). Let 
y = x(sq). The restriction t' of r to [so>*x] or [*x?so] can be written as (Jj=i where m < k 
and each q^- coincides with one of the q^'s or a restriction of it. We note that A <f_ Sat(t'). 

If the distance from a to y is larger than the constant D' given by Lemma 4.19 then p 
and a geodesic [a,y] form an (L + e, i^)-quasi-geodesic. Lemma 4.26, part (2), implies that 
this quasi-geodesic, and in particular [a,y], is contained in the ri?-tubular neighborhood of 
Sat(t'). On the other hand, [a,y] is contained in the t(R + M + L 2 C + L + /cC)-tubular 
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neighborhood of A. For dist(a, y) larger than the diameter given by Lemma 4.26, (3), for 
5 = max (t(R + M + L 2 C + L + kC),rR) we obtain a contradiction. □ 

Lemma 4.29. Suppose that a metric space X is asymptotically tree-graded with respect to A. 
Then X satisfies (a' 3 ). 

Proof. Let k > 2, a > 1 and v > 4a. Fix a sufficiently large number ■& (it will be clear later in 
the proof how large & should be). Let P be a /c-gon with quasi-geodesic edges that is (i? , a , v)- 
fat. Changing if necessary the polygon by a finite Hausdorff distance, we may suppose that its 
edges are (L + C, C)-almost geodesies. 

Let q : [0, £] — > X be an edge with endpoints q(0) = x, q(£) = y. We denote qi, q2, . . . , qfc-i 
the other edges in the clockwise order. By Lemma 4.26, part (2), 

q cM rR ^(J Sat fa) j . 

We take •& > tR. Then for every point z G q \ J\f a ^({x, y}) there exists A C Sat fa), i G 
{1,2,..., A;— 1} such that z G A/" t _r(^4). If such a point z is contained in J\f T R(A)nM T R(B) , A^ B, 
then Lemma 4.28 implies that z G A/^(Ui=i cji) , where x depends on tR and A;. If we choose 
i? > x. then this gives a contradiction. 

Let i q be the supremum of the numbers t <G [0, £] contained in q" 1 (M a1 )(x)). Let s q be 
the infimum of the numbers in [tn,£] contained in q _1 (M (T ^(y)). Let aq = q(i q ) and 6 q = 
q(sq). We note that dist(a q ,a;) = <ji? and dist(6 q ,y) = cr$. According to the argument in the 
paragraph above, q([t q , s q ]) is covered by the family of open sets M t r(A), with A C Sat fa) , z G 
{1,2,..., fc— 1}, and the traces of these sets on q([t q , s q ]) are pairwise disjoint. The connectedness 
of q([iq, Sq]) implies that there exists A as above such that q([t q , s q ]) C A/" t _r(A). 

Thus, for every edge q a sub-arc q' : [i q , s«] — ► X with endpoints a q , b q is contained in A/" T i?(^4) 
for some A C Sat (qi) , i G {1, 2, . . . , k — 1} (^4 may depend on q). We note that i q and ^ — Sq are 
less than a-dL + C, hence q| [0)tq ] G N a $ L 2 +LC+c (a q ) and q|[ Sqj ^ G M ai)L 2 +LC+c {b q ). 

Suppose that we have two consecutive edges qi,q2 with endpoints x,y and y, z respectively, 
such that q[ C M t r(A) and q' 2 C M t r(B), 4/ B. We denote q3, q4, ■ • • , q& the other edges in the 
clockwise order. We have q[ : [iq^SqJ — > -X" with endpoints a qi ,6 qi . Suppose 6 qi = q' x riN a tf(y) 
and a q2 = q' 2 njV^(!/). 

Let qi be the restriction of q[ to [i qi , t qi + 3LtR] and qi = [x, a qi ] U qi. We note that since 
dist(a qi , 6 qi ) > dist(x,y) — 2cn? > v& — 2cri? > 2cn9, we have s qi — i qi > ^ — C, so for $ large 
enough we have s qi — i qi > IOLtR and the restriction qi makes sense. 

Likewise we construct q'2 = cj2 U [6 q2 , 2] , where q2 is the restriction of q' 2 to the last sub-interval 
of length 3LtR. 

Let [a, b] be a geodesic joining the points a = a q2 and b = 6 qi . It has length at most 
2cr$. Let [a', 6'] C [a, b] be a sub-geodesic which intersects M t r(A) in a' and N t r{B) in 6' 
(eventually reduced to a point). Notice that A C Satfa), i? C Satfa). Lemma 4.28 ap- 
plied to the polygonal line q 2 U U*=3 u <U an d to tne points a', b' implies that {a',b'} C 

{q2 U Ui=3 q« u qi) i where x depends on tR. Since dist(y, {a', b'}) is at most 2cn9, it follows 

that y G Nx+ia-d (q2 U Uf= 3 q« u fli) C A^ +3CT ^ +3L 2 Ti?+c . ((JiU 1i) ■ 0n the other hand property 
(F2) implies that dist(y, Ui=3 Qi) > v$ > 4<ji?. For 1? large enough this gives a contradiction. 

We conclude that there exists A £ A such that Ui=i li c N t r{A). Hence P is inside the 
(tR + cr^L 2 + LC + C)-tubular neighborhood of A. □ 



44 



The following corollary immediately follows from the proof of Theorem 4.1 

Corollary 4.30 (there is no need to vary the ultrafilter in Definition 3.19). Let X be a metric 
space, let A be a collection of subsets in X. Let lo be any ultrafilter over N. Suppose that every 
asymptotic cone Con u '(X;e,d) is tree-graded with respect to the collection of sets lim u (An), 
A n £ A. Then X is asymptotically tree-graded with respect to A. 

5 Quasi-isometric behavior 

One of the main reasons we are interested in the property of being asymptotically tree-graded 
is the rigid behavior of this property with respect to quasi-isometry. 

5.1 Asymptotically tree-graded spaces 

Theorem 5.1 (being asymptotically tree-graded is a geometric property). Let X be a metric 
space and let A be a collection of subsets of X. Let q be a quasi-isometry X — > X' . Then: 

(1) If X satisfies properties (a\) and (a' 2 ) with respect to A then X' satisfies properties (a\) 
and (a|) ; for a sufficiently small e, with respect to q(A) = {q(A) | A G .4}. 

(2) If X satisfies (a' 3 ) with respect to A then X' satisfies (03) with respect to q(A). 

(3) If X is asymptotically tree-graded with respect to A then X' is asymptotically tree-graded 
with respect to q(A). 

Proof. (1) follows from Theorem 4.1 and Remark 4.2. 

(2) Assume that q is an (L, C)-quasi-isometry and that q : X' — > X is an (L, C)-quasi- 
isometry so that q o q and q o q are at distance at most C from the respective identity maps. 

Fix an arbitrary integer k > 2. Let a = 2L 2 + 1 and v = 4o\ Property (a 3 ) in X implies 
that for the constants L, C of the quasi-isometries, for the given k, a and v there exists #0 such 
that for every $ > $0 a fe-gon with (L, C)-quasi-geodesic edges in X which is ($ , a , z/)-fat is 
contained in N X (A), where A G A and \ = x{L-> C, k, a, v, $). 

Let $1 = max(t?o, 2L 2 C + C) and let 9 = L(i?i + C). Let P be a geodesic /c-gon in X' which 
is (9, 2, z^)-fat. Then q(P) is a /c-gon in X with (L, C)-quasi-geodesic edges which is (t?i , a , u)- 
fat. Consequently, q(P) C J\f x (A), where A £ A and x = x(^iC,k,a,v,'di). It follows that 
P C A/- c (qoq(P)) C Af Lx+2C (q(A)). 

(3) The statement follows from (1) and (2). It also follows immediately from the definition 
of asymptotically tree graded spaces. Indeed, it is easy to see that w-limits of sequences of 
subsets commute with quasi-isometries. Since quasi-isometric spaces have bi-Lipschitz equivalent 
asymptotic cones (Remark 3.16) it remains to note that a metric space that is bi-Lipschitz 
equivalent to a space that is tree-graded with respect to V, is itself tree-graded with respect to 
the images of the sets in V under the bi-Lipschitz map. □ 

Definition 5.2. Let B be a geodesic metric space. We say that B is wide if every asymptotic 
cone of B does not have global cut-points. 

We say that B is constricted if every asymptotic cone of B has a global cut point. 

We say that B is unconstricted if there exists an ultrafilter u> and a sequence d = (d n ) of 
scaling constants satisfying lim^ d n = 00 such that for every observation point e = (e n ) w the 
asymptotic cone Con w (.B; e, d) has no cut-points. 
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Remarks 5.3. (1) Note that "unconstricted" is in general more than the negation of "con- 
stricted" , as the latter only means that there exists one asymptotic cone without cut-points. 
The two notions coincide for finitely generated groups, according to the comment following 
Remark 3.16. 

(2) Note also that most probably "wide" is stronger than "unconstricted" , but we do not have 
an example of an unconstricted group which is not wide (see Problem 1.17). 

Definion 5.2 has the following uniform version. 

Definition 5.4. Let Sbea family of geodesic metric spaces. We say that B is uniformly wide if 
for every sequence B n of metric spaces in B with metrics dist n and basepoints b n £ B n , for every 
ultrafilter u and for every sequence of scaling constants (d n ) with lim^ d n = oo, the ultralimit 
lim u '(B n , ^-dist n )& is without cut-points. 

We say that B is uniformly unconstricted if for every sequence B n of metric spaces in 
B with metrics dist n , there exists an ultrafilter uj and a sequence of scaling constants d = 
(d n ) with lim^, d n = oo such that for every sequence of basepoints b n £ B n , the ultralimit 
lim u} (B n , ^-dist ra )5 is without cut-points. 

Remarks 5.5. (a) All metric spaces in a family that is uniformly wide (uniformly uncon- 
stricted) are wide (unconstricted). 

(b) If B is a family of wide metric spaces containing only finitely many pairwise non-isometric 
spaces then B is uniformly wide. 

(c) For examples of groups that are wide or unconstricted and of families of groups that are 
uniformly wide or unconstricted, see Section 6. 

Proposition 5.6. Let metric space X be asymptotically tree-graded with respect to a collection 
of subsets A. Let B be a family of metric spaces which is uniformly unconstricted. Suppose that 
for some constant c, every point in every space B £ B is at distance at most c from an infinite 
geodesic in B. Then for every (L, C) there exists M = M(L, C, B) such that for every B £ B and 
every (L,C)- quasi-isometric embedding q: B — > X there exists A £ A such that q(B) C Mm{A). 

Proof. We argue by contradiction and assume that there is a sequence of metric spaces B n £ B 
and a sequence of (L, C)-quasi-isometric embeddings q n : B n — > X such that q n (B n ) <f_ N n (A) for 
all A £ A. By definition there exists an ultrafilter u and a sequence d = (d n ) with lim w d n = oo 
such that for every sequence of basepoints b n £ B n , the ultralimit \im u '(B n , ^-dist n )b is without 
cut-points. Fix a point b n £ B n . Let e = (q n (6 n )). In Con^(X; e, d), the limit set lim" (q n (B n )) 
is a bi-Lipschitz image of lim w (i? n , ^dist n )&, therefore it is without cut-points. Lemma 2.15 
implies that 

lim w (q n (S n )) C lim w (^ n ) , where A n £ A. (9) 

Consider a sequence u n £ B n such that lim a; dlst "^"' M "^ < oo. Each u n is contained in A/" c (fl n ), 
where Q n is a bi-infinte geodesic in B n . Suppose that g n is parameterized with respect to the 
arc-length in (^B n , ^-dist Tt ^ and so that dist n (u n , n (O)) < c. The inclusion in (9) implies that 

for every t £ R, lim^ distn(qn( ^ (t)) ' A " } = 0. Therefore for every s < t we have w-a.s. that the 
image by q n of the segment g n ([s,t\) contains a point in AfM {A n ), where Mq is the constant 
given by (a' 2 ), for L and C. By taking first s < t < then < s < t, we may deduce 
that there exist a n < < j3 n such that q n (0n(«n)), q n (g n (/3 n )) £ J^M {A n ). We conclude 
that q ra (0n(O)) £ M T M (A n ), by Lemma 4.15. Hence q ra (n n ) £ Nm(A u ) w-almost surely, where 
M = tM + Lc + C. 



46 



Let x n G B n be such that q n (x n ) G c\ n (B n ) \M n (A n ) and let [6 n ,x n ] be a geodesic in B n . 
The previous argument implies that lima; dlstn ^ n < Xn ^ = qq an d that for every t the point b n (t) 
on [6 n ,x n ] at distance td n of b n has the image by q n contained in Mm (An) ^-almost surely. 
Let y n be the farthest point from b n in the closure of [b n ,x n } n c\~ 1 (Mm(A ti )). We have that 
lim UJ dlstn ^ n ' yn ' ) = oo. Also, y n G [b n , x n ] f)qn 1 (MM(A n )) implies that for every e > the distance 
from c\n(Un) to A n is at most M + Le + C . Hence q n (y n ) G MM+c+i(A n )- On the other hand, 
b n G A/m(A0 ^-almost surely. According to Lemma 4.15, q n ([b n ,yn]) C M-(M+c+i)(Ai)- In 
Con u '(X; (q ra (y n )),rf), q = hm^(q n ([6 n , y n ])) is a bi-Lipschitz ray contained in A = lim u '(A n ) and 
in lim w (q n (i? n )). Since lim w (q n (i? ra )) is the image of a bi-Lipschitz embedding of the ultralimit 
lim u '(B n , 4-dist n ) y , it is without cut-points, therefore it is contained in a piece A' = lim UJ (A' n ). 
Property (T\) implies that A = A'. In particular lim^(q n ([y n , x n \)) C A. The same argument 
as before yields that every sequence v n G B n such that lim CJ dlst "^ n ' t '"' > < oo satisfies q n (v n ) G 
Mm (An) w-almost surely. Hence, dist (lim a; (q n (y n )), lim fa; (q ri (a: n ))) = oo and there exists v n G 
[Un,x n ] such that dist (lim a; (q n (j/ n )), lim tJ (q n (i; n ))) > and q n (v n ) G Mm (An), which contradicts 
the choice of y n - □ 

Remark 5.7. The condition that every point is contained in the c-tubular neighborhood of a bi- 
infinite geodesic is satisfied for instance if B is a geodesic complete locally compact homogeneous 
metric space of infinite diameter. In particular it is true for Cayley graphs of infinite finitely 
generated groups. 

Corollary 5.8. Let X be asymptotically tree-graded with respect to a collection of subsets A. Let 
B be an unconstricted metric space. Then every (L, C)- quasi-isometric embedding q: B — > X 
maps B into an M -neighborhood of a piece A G A, where M depends only on L, C and B. 

Notation: We shall denote the Hausdorff distance between two sets A, B in a metric space by 
hdist(A-B). 

5.2 Asymptotically tree-graded groups 

Definition 5.9. We say that a finitely generated group G is asymptotically tree-graded with 
respect to the family of subgroups {Hi, H2, ■ ■ ■ , H^} if the Cayley graph Cayley(G) with respect 
to some (and hence every) finite set of generators is asymptotically tree-graded with respect to 
the collection of left cosets {gHi \ g G G , i = 1, 2, . . . , k}. 

Remark 5.10. If {H±, H2, ■ ■ ■ , H^} / {G} and if every Hi is infinite then every Hi has infinite 
index in G. 

Proof. Indeed, a finite index subgroup is at bounded distance of the whole group, which would 
contradict (a±). □ 

Proposition 5.11. Let G = (S) be a group that is asymptotically tree-graded with respect to 
subgroups H\, ...,H n - Then each of the subgroups Hi is finitely generated. 

Proof. Take h G Hi and consider a geodesic q in Cayley(G, S) connecting 1 and h. By Lemma 
4.15 there exists a constant M > such that g is in the M-tubular neighborhood of Hi. Let 
vi,...,Vk be the consecutive vertices of 5. For each j = l,...,k consider a vertex Wj in Hi at 
distance < M from Vj. Then the distance between Wj and Wj+i is at most 2M+1, j = 1, k — 1. 
Hence each element wJ^Wj+i belongs to Hi and is of length at most 2M+ 1. Since h is a product 
of these elements, we can conclude that Hj is generated by all its elements of length at most 
2M + 1. □ 
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Remark 5.12. Corollary 5.8 gives certain restrictions on the groups that can be quasi-iso- 
metrically embedded into asymptotically tree-graded groups. For instance, if G is a group 
asymptotically tree-graded with respect to a finite family of free Abelian groups of rank at most 
r, no free Abelian group of rank at least r + 1 can be quasi-isometrically embedded into G. 

Theorem 5.13. Let X be a space that is asymptotically tree-graded with respect to a collection 
of subspaces A. Assume that 

(1) A is uniformly unconstricted; 

(2) for some constant c every point in every A £ A is at distance at most c from a bi-infinite 
geodesic in A; 

(3) For a fixed xq £ X and every R > the ball B(xo, R) intersects finitely many A £ A. 

Let G be a finitely generated group which is quasi-isometric to X. Then there exist subsets 
Ai, . . . , A m £ A and subgroups Hi, ... , H m of G such that 

(I) every A £ A is quasi-isometric to Ai for some i £ {1,2, ... , to}; 

(II) Hi is quasi-isometric to Ai for every j 6 {1,2,... , to}; 

(III) G is asymptotically tree-graded with respect to the family of subgroups {Hi, H2, ■ ■ ■ , H m }. 

Proof. First we show (in the next lemma) that there is a natural quasi-transitive quasi-action 
of G on X by quasi-isometries. 

Notation: Let g £ G. We denote by g the multiplication on the left by g in G. 

Lemma 5.14. Let q: G — ► X and q: X — ► G be (Lo,Co)-quasi-isometries such that q o q is at 
distance Cq from the identity map on X and the same is true for q o q with respect to the identity 
map on G. 

(1) For every g £ G the map q g = qogoq: X —> X is an (L, C)-quasi-isometry, where L = Lq 
and C = LqCq + Cq. 

(2) For g,h £ G the map q g o q h is at distance at most C from the map q g h- 

(3) For every g £ G the map q g o q g _i is at distance at most C + Cq from the identity. 

(4) For every x,y £ X there exists g £ G such that dist(x, q g {y)) < Co- 
Proof. Statement (1) follows from the fact that g acts as an isometry on G. Statement (2) is a 
consequence of the fact that cj o q is at distance at most Cq from the identity map on G. For (3) 
we use (2) and the fact that q o q is at distance at most Cq from the identity map on X. 

(4) Let g = q(x) and h = q(y). Then q hg -i(x) = q(h) = q(q(y)), which is at distance at most 
Cq from y. □ 

Notation: Let H be a subgroup in G and let x £ X. We denote by Hx the set {q/ l (x) | h £ H}. 

Proposition 5.6, Remark 5.7 and hypothesis (1) imply that there exists M = M(L,C) such 
that for every A £ A and every (L, C)-quasi-isometric embedding q : A — > X there exists A' £ A 
such that q(A) C Mm {A'). 

Lemma 5.15. (1) If A, A' £ A satisfy A C M r (A') for some r > then A = A' . 
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(2) Let q : X — > X and q be (L, C)-quasi-isometries such that q o q and q o q are a£ dis- 
tance at most K from the identity map on X. If A, A' G A are such that q(A) C 
Mr(A') or A' C Af r (q(A)) for some r > then q(A) C Af M (A'), q(A') C A/"m(A) and 
hdist(q(A), A) , hdist(q(A'), A) < LM + C + K. 

Proof. (1) follows from property (cti) and hypothesis (2) of Theorem 5.13. 

(2) Suppose A' C N r (q(A)). By Proposition 5.6, there exists A such that q(A) C Nm(A). 
Then A' C A/^-+m(A), which implies that A' = A. We may therefore reduce the problem to the 
case when q(A) C N r {A'). 

The set q(A') is contained in J\f M (A") for some A" G A. Also q o q(A) C A/Lr+c(q(A')), 
which implies that A C A/L r +c+M+x(A"). This and (1) imply that A = A". It follows that 
q(A') C Af M (A), which implies that A' C A/"LM+c+x(q(A)). 

Proposition 5.6 implies that there exists A G A such that q(A) C A/m(A). Hence A' C 
A/"(l+i)m+c+^(A), so A' = A. We conclude that q(A) C Mm{A') and 

hdist(q(A), A) , hdist(q(A'), A) <LM + (7 + K 

□ 

Notation: We denote the constant LM + 2C + Cq by D. 

Definition 5.16. For every r > and every A G A we define the r-stabilizer of A as 

St r (A) = {g G G | hdist(q 9 (A), A) < r} . 

Corollary 5.17. faj For evert/ g G G and A, A' G A suc/t taai q 9 (A) C M r {A') or A 1 C 
jV r (q 9 (A)), w/iere r > 0, we feoue hdist(q g (A), A') < I?. 

(b) For every A G A and for every r > D, St r (A) = Sto(A). Consequently Sto(A) is a 
subgroup of G. 

(c) Let A,B G A and g G G be such that hdist(q ff (A), B) is finite. Then 

St D (A) =g- 1 St D (B)g. 

Proof. Statement (a) is a reformulation in this particular case of part 2 of Lemma 5.15, and (b) 
is a consequence of (a). 

(c) For every r > there exists R large enough so that we have St r (B) C gStji(A)g~ 1 . 

Applying the previous result again for <7 _1 ,S,A, together with (b), we obtain the desired 
equality. □ 

Let J- = {Ai, . . . , Aj.} be the collection of all the sets in A that intersect B{xq, M + Co). We 
show that this set satisfies (I). Let A be an arbitrary set in A and let a G A. There exists g G G 
such that q g (a) G B(xq,Co), by Lemma 5.14, (4). On the other hand, there exists A' G A such 
that q g {A) C Mm {A'). It follows that A' intersects B(xq, Cq + M), hence it is in JF. Corollary 
5.17, (a), implies that hdist(q s (A), A') < D, consequently A is quasi-isometric to A'. 

For every i G {1, 2, . . . , k} define 

I(Ai) = {j G {1,2, ...,£;} | there exists g G G such that hdist(q s (Aj), Aj) < D}. 

For every j G /(Aj) we fix gj G G such that hdist(q 9j Aj, Aj) < D. Let T(Aj) = {gjjje/M;) 
and let K{Ai) = max je/(Ai) dist(^q(x ), q(ar )). 

We define the constant K = Lq max^^,...^} ^sT(Aj) + (2Lq + l)o"o, where Jo = LqCq + 2Cq. 
The following argument uses an idea from [KaL2, §5.1]. 
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Lemma 5.18. For every A G A the D-stabilizer of A acts K -transitively on A, that is A is 
contained in the K -tubular neighborhood of every orbit Stp (A)a, where a £ A. 

Proof. Let a and b be two arbitrary points in A. Lemma 5.14, (4), implies that there exist 
g, 7 G G such that q g {a), q 7 (&) G B(xq, Co). This implies that 

dist(g o q(o), q(x )) < , dist( 7 o q(b), q(x )) < S . (10) 

There exist i,j G {1,2, ...,k} such that hdist(q ff (A), Aj), hdist(q 7 (A), Aj) < D. Then 
q 7ff -i (Aj) is at finite Hausdorff distance from Aj, which implies that hdist(q 7ff -i(Aj), Aj) < D 
and that j G I(Ai). Let gj be such that hdist(q 9j (-Aj), Aj) < D. It follows that g~i~ l gj G Sto(Aj). 
The relation hdist (q ff ( A), Aj) < D and Corollary 5.17, (c), imply that ^~ x gjg G St D (A). We 
have that 

dist(q 7 -i 9j9 (a),&) < Lodist^^qXa), q(b)) + C + L C < L dist(gjgq(a),jq(b)) + S . 
This and inequalities (10) imply that 

dist(q 7 -i 9j9 (o),6) < L dist(gjq(x ),q(x )) + (2L + 1)<5 <K. 

□ 

Corollary 5.19. For every A £ A the normalizer 0/Sto(A) in G is Sto(A). 

Proof. Let g G G be such that Sto(A) = g^ 1 St D (A)g. Let B £ A be such that hdist(q s (A), B) < 
D. Corollary 5.17, (c), implies that St D (A) = St D (B) = S. Let a G A and b G B. We have 
hdist(5a, 56) < Ldist(o, b) + C and also hdist(A, Sa) < K and hdist(5,56) < K, therefore 
hdist(A, B) < 2K + Ldist(a, b) + C. Lemma 5.15, (1), implies that B = A and g G Sto(A). □ 

Lemma 5.20. For ewery i € {1, 2, ... , m} we have 

hdist(q(Aj),St D (Aj)) < k, 
where n is a constant depending on Lq,Cq,M and dist(q(l), Xq). 

Proof. Let X{ G Aj n B(xq, M + Co). For every g G Sto(Aj) we have dist(q ff (xj), Ai) < D, hence 
dist(g o q(xj), q(Aj)) < L D + 2C . It follows that dist(o, q(Aj)) < L D + 2C + dist(l, q(xj)). 
Or dist(l, q(xj)) < L dist(q(l), Xi ) + (L + 1)C < L M + {2L + 1)C + L dist(q(l), x ). 
Let q(b) G q(Aj). According to Lemma 5.18, there exists g G Stju-(Aj) such that 

dist(6, q g {xi)) < K. 

Hence dist(q(6), g o q(xi)) < L K + 2C and dist(q(o), g) < L K + 2C + dist(l, q(xj)). □ 
Corollary 5.21. Zei A £ A. There exists g G G and i £ {1,2,... , to} suc/i i/ia£ 

hdist(q(A), 5 St D (Aj)) < k + L D + 2C . 

We continue the proof of Theorem 5.13. Consider the minimal subset {B\, B m } of 
{Ai,...,Afc} such that for each Aj there exists Bj i and 7j such that hdist ( Aj, q 7i (Bj t )) < D. 
Let B = {Bi, . . . , B m }. We denote Sj = Sto(-Bj), i G {1,2, ...,m}. Let us show that G is 
asymptotically tree-graded with respect to Si,..., S m . 
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Indeed, by Theorem 5.1, Cayley(G) is asymptotically tree-graded with respect to {q(A),^4 G 
A}. Corollary 5.21 implies that each q(A) is at uniformly bounded Hausdorff distance from 
gStD(Ai) for some i G {1,2,..., A;} and g G G. Corollary 5.17, (c), implies that $tr,{Ai) = 
7jiS ?i 7~ 1 , with the notations introduced previously. It follows that hdist(gSt£)(^4j), gjiSjJ < 
maxj g { li fc }dist(l,7j _1 ). We conclude that cj(A) is at uniformly bounded Hausdorff distance 
from g^iSj^ Thus G is asymptotically tree- graded with respect to Si, S m . □ 

Corollary 5.22. Let G be a group that is asymptotically tree-graded with respect to the fam- 
ily of subgroups {Hi, Hi, ■ ■ ■ , Hk\, where Hi is an unconstricted infinite group for every i G 
{1,2,... , k}. Let G' be a finitely generated group which is quasi-isometric to G. Then G' is 
asymptotically tree-graded with respect to a finite collection of subgroups {Si, . . . , S m } such that 
each Si is quasi-isometric to one of the Hj. 

Remarks 5.23. If the groups Hi in Corollary 5.22 are contained in classes of groups stable with 
respect to quasi-isometries (for instance the class of virtually nilpotent groups of a fixed degree, 
some classes of virtually solvable groups) then Si are in the same classes. 

Corollary 5.24. // a group is asymptotically tree-graded with respect to a family of subsets A 
satisfying conditions (1), (2), (3) in Theorem 5.13, then it is asymptotically tree-graded with 
respect to subgroups Hi, ...,H m such that every Hi is quasi-isometric to some A G A. 

Remark 5.25. (a) If in Theorem 5.13 we have that the cardinality of A is at least two then 
for every i G {1, 2, ... , m}, Hi has infinite index in G. 

(b) If in Corollary 5.22 we have {Hi, . . . , H^} 7^ {G} then for every j £ {1,2,..., m}, Sj has 
infinite index in G' . 

Proof, (a) Suppose that {Hi, . . . , H^} = {G}. According to the proof of Theorem 5.13, it follows 
that G = Sto(-B) for some B G A. Lemma 5.20 then implies that hdist(q(-B), G) < k, whence 
hdist(B , X) < 3Co + Lqk. This contradicts the property (oji) satisfied by A. 

Therefore {Hi, . . . , Hk} 7^ {G}. Now the statement follows from Remark 5.10. 

Statement (b) follows from (a). □ 

6 Cut-points in asymptotic cones of groups 

Theorem 5.13 shows that we need to study unconstricted groups. In this section we provide 
two classes of examples of such groups. We begin with some general remarks. Let G be a 
finitely generated group such that an asymptotic cone Con a ' '{G;e,d) has a cut-point, where 
e = (l),d = (d n ). Lemma 2.31 implies that Con^G; e, d) is a tree-graded space with respect to 
a set of pieces V such that each piece is either a point or a geodesic subset without cut-point. 
In particular, if all the pieces are points then the cone is a tree. By homogeneity in this case it 
can be either a line or a tree in which every point is a branching point with the same degree. 

The case when one asymptotic cone is a line turns out to be quite particular. More precisely, 
we have the following general results. 

Proposition 6.1. Let Q be a family of finitely generated non-virtually cyclic groups. Then for 
any sequence of groups G n G Q endowed with word metrics dist n , any sequence (\ n ) of positive 
numbers with limA„ = 0, any e G IIG n and any ultrafilter u>, the ultralimit lim^(G n , A n dist„) e 
is neither a point nor a (real) line. 
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Proof. We may assume without loss of generality that e n = 1 for every n. If an ultralimit 
lim u; (G n , A n dist n ) e is a point then G n are finite u>almost surely, which is a contradiction. 

Suppose that an ultralimit \im Ll '(G n , A n dist n ) e is a line. Since G n are all infinite, it follows 
that for any n 6 N, there exists in Cayley(G n ) a geodesic line Q n through 1. Then lim tJ (g n ) = 
lim^(G ! n ). Suppose by contradiction that w-almost surely G n <jL M\/\ n {Qn)- Then w-almost 
surely there exists z n G G n at distance at least 1/A n of g„. Let l„ be a geodesic joining z n to 
z'n e 0n an d °f length dist n (z n , $j n ). For every point t € [ n we have dist n (i, z' n ) = dist n (i, g n ). 
By homogeneity we may suppose that z' n = 1. 

In the ultralimit lim^(G n , A n dist n ) e , [ w = lim w ([ ra ) is either a geodesic segment of length 
at least 1 with one endpoint lim aJ (l), or a geodesic ray of origin lim aJ (l). If Lj has a point in 
common with lim w (g ri ) that is different from lim^(l), then w-almost surely there exists t n <G 

in at distance of order ^ of 1 and at distance o {^~) °f fln- This contradicts the equality 
dist n (i n ,l) = dist n (t n ,g n ). Hence [ w n lim w (3 n ) = {lim w (l)}. But in this case lim^(G n ) / 
lim w (g ra ), contradiction. 

It follows that u;-almost surely G n C Ni/\ n (Qn), which implies that G n is hyperbolic with 
boundary of cardinality 2, consequently virtually cyclic. We have obtained a contradiction. □ 

Corollary 6.2. A finitely generated group with one asymptotic cone a point or a line is virtually 
cyclic. 

6.1 Groups with central infinite cyclic subgroups 

Let G be a finitely generated group containing a central infinite cyclic subgroup H = (a). We 
fix a finite set of generators X of G and the corresponding word metric dist on G. 

Lemma 6.3. For every asymptotic cone Con w (G;e, d) of G and every e > 0, there exists an 
element h = (/i„) w in G£ n H u which acts isometrically on Con w (G; e, d), such that for every 
x £ Con^(G;e, d), dist(/ix,x) = e. 

Proof. Let w be a word in X representing a in G. It is obvious that for every r > there exists 
h = a n 6 H such that \h\ is in the interval [r — r + \w\]. For every n > 1 we consider h n £ H 
such that |/i„| G [ed n — |u>| , ed n + According to Remark 3.17, the element h = (h n y in G^ 
acts as an isometry on Con^C?; e, d). Moreover, for every g = lim CJ ((7 n ) £ Con w (G; e, d) we have 
that dist(/u/, 5 ) = hm w dist ( fe ^"-3") = dist( g „fe n , 3 „) = JM = e . □ 

Lemma 6.4. // an asymptotic cone C of G has a cut-point then C is isometric to a point or a 
(real) line. 

Proof. Let C = Cov?(G;e,d) be an asymptotic cone that has a cut-point, where e = (l),d = 
(d n ). Then C is tree-graded with respect to a collection V of pieces that are either points or 
geodesic sets without cut-points. Let h in G£ n H u be as in Lemma 6.3 for e = 1. 

If all sets in V are points then C is an R-tree. If this tree contains a vertex of degree > 2, 
then it does not admit an isometry h such that dist(h(x),x) = 1 for every x. Thus in this case 
C is isometric to R or to a point. 

So we may suppose that V contains pieces that are not points. Let M be such a piece. 

Case I. Suppose h(M) = M. Let x be an arbitrary point in M. By Lemma 2.31, part 
(b), there exists y € C \ M such that x is the projection of y on M. Let 5 = dist(x,y). 
Since h acts as an isometry, it follows that y' = h(y) projects on M in x' = h(x) and that 
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5 = dist(a/, y'). We have dist(x,a/) = dist(y, y') = 1. On the other hand Lemma 2.28 implies 
that [y,x] U [x,x f ] U [x',y'] is a geodesic. Consequently dist(y, y') = 1 + 25, a contradiction. 

Case II. Suppose h(M) / M. Then /i(M) is another piece of the tree-graded space C, by 
Proposition 2.16. Let x be the projection of h(M) on M and let y be the projection of M on 
h(M). Let z € M\{x} and z' = /i(z). By moving z a little, for instance along the geodesic [z, x], 
we can ensure that z' ^ y. Every geodesic joining z and z' contains x and y, by Lemma 2.6. Let 
t be a point in C\M that projects on M in z (it exists by Lemma 2.31, part (b)). The projection 
of t' = h(t) onto h(M) is then z' . Lemma 2.28 implies that [t, z] U [z, x] U [x, y] U [y, z'\ U [z', t'\ is 
a geodesic, whence dist(t, t') = 1 + 2dist(t, z). This contradicts the fact that dist(t, t') = 1. □ 

Theorem 6.5. Let G be a non-virtually cyclic finitely generated group that has a central infinite 
cyclic subgroup H. Then G is wide. 

Proof. By contradiction suppose that G is not wide. Lemma 6.4 implies that one of the asymp- 
totic cones of G is a line or a point. Corollary 6.2 implies that G is virtually cyclic, a contradic- 
tion. □ 

Corollary 6.6. Let G be a non-virtually cyclic group, that is asymptotically tree-graded with 
respect to certain proper subgroups. Then every finitely generated subgroup in the center Z{G) 
is finite. 

Theorem 6.5 has the following uniform version. 

Theorem 6.7. Let Q be the family of all finitely generated non-virtually cyclic groups with a 
central infinite cyclic subgroup. The family Q is uniformly unconstricted. 

Proof. Consider G n a sequence of groups in Q, dist n a word metric on G n and H n = (a n ) a 
central infinite cyclic subgroup of G n . Let d n > ndist n (l,a n ) for all n. An argument as in the 
proof of Lemma 6.3 implies that for every sequence of observation points e and for every e > 0, 
the ultralimit lim w (G n , dist n /ci n ) e has as isometry h moving every point by e. With an argument 
analogous to the one in the proof of Lemma 6.4 we deduce that \vm w (G n , dist„/d n ) e is a line or 
a point. This contradicts Proposition 6.1. □ 

Corollary 6.8. Let X be a metric space asymptotically tree-graded with respect to a collection of 
subsets A. For every (L, C) there exists M = M(L, C) such that for every (L, C)- quasi-isometric 
embedding q : G — > X of a finitely generated non-virtually cyclic group G with a central infinite 
cyclic subgroup, there exists A € A such that q(G) C Mm{A). 

6.2 Groups satisfying a law 

Proposition 6.9. Let space F be tree-graded with respect to a collection V of proper subsets. 
Suppose that F is not an M.-tree, and let G be a group acting transitively on F. Then G contains 
a non-abelian free subgroup. 

Remark 6.10. If F is an R-tree, G may not contain non-abelian free subgroups even if it acts 
transitively on F. Indeed, let G be the group of upper triangular 2 x 2-matrices with determinant 
1 acting by isometries on the hyperbolic plane H 2 . The action is transitive. Therefore the 
(solvable) group Gg acts transitively on an asymptotic cone of H 2 which is an R-tree. 

Proof of Proposition 6.9. . By Lemma 2.31 we can assume that every piece in V is either a 
point or does not have a cut-point. Since F is not a tree, we can assume that V contains a 
non-singleton piece M. 
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Lemma 6.11. Let a and b be two distinct points in M . There exists an isometry g G G such 
that the following property holds: 

• o / g(b), the projection of g(M) onto M is a and the projection of M onto g{M) is gib). 

We shall denote this property of g by P(a, b, M). 

Proof. There are two cases: 

(A) There exist two distinct pieces in V that intersect. 

(B) Any two distinct pieces in V are disjoint. 

By homogeneity, in case (A), every point is contained in two distinct pieces. In case (B) let 
x,y be two distinct points in M. There exists an isometry g G G such that g(x) = y. Since 
g(M) intersects M in y it follows that g(M) = M. We conclude that in this case the stabilizer 
of M in G acts transitively on M. 

Suppose we are in case (A). Then we can construct a geodesic q: [0,s] — > F such that s = 
E^Sn with < s n < 4j and g [£™ =0 Sj, S^j^Sj] C M n for some pieces M n , where M n / M n+ i 
for all n G NU {0}. Here sq = 0. Such a geodesic exists by Lemma 2.28. We call such a geodesic 
fractal at the arrival point. By gluing together two geodesies fractal at their respective arrival 
points, U q', and making sure that the two respective initial pieces, Mq and Mq, are distinct, 
we obtain a geodesic fractal at the departure and arrival points or bifractal. By homogeneity, 
every point in F is the endpoint of a bifractal geodesic. 

Let [a,c] be a bifractal geodesic. Corollary 2.10, (b), implies that [a, c] can intersect M 
in a or in a non-trivial sub-geodesic [a,c']. Since [a, c] is fractal at the departure point the 
latter case cannot occur. It follows that the intersection of [a,c] and M is {a}. There exists an 
isometry g G G such that gib) = c. Since [a, c] is fractal at the arrival point also, it follows that 
[a, c] n g{M) = {c}. For every x G g(M) we have that [a, c] U [c, x] is a geodesic, by Lemma 2.28. 
In particular a is the projection of g{M) on M. A symmetric argument gives that c = gib) is 
the projection of M on g{M). 

Now suppose that case (B) holds. Lemma 2.31, part (b), implies that a is the projection of 
a point i£F \ M. Let g be an isometry in G such that g(b) = x. If [a, x] intersects g(M) in x 
then we repeat the previous argument. Assume [a, x] n^(M) = [x', x]. By the hypothesis in case 
(B), x' / a. We have x' = gib') for some b' G M. Since the stabilizer of M in G acts transitively 
on M, there exists g' in it such that g'(b) = b'. We have that gg'iM) = g(M) projects onto M 
in a and M projects onto gg'iM) in x' = gg\b). □ 



Notation: For every t G M let IL(M) be the set of points x in F \ M that project onto M in t. 

Lemma 6.12. Let g satisfy property P(a, b, M). Then: 

(a) the isometry g~ l satisfies property P(b,a,M); 

(b) for every t^b we have g{Il t (M)) C n o (M). 

Proof, (a) We apply the isometry g^ 1 to the situation in P(a, b, M). 

(b) The set p(II t (M)) projects on g(M) in g(i) / gib). This, property P(a,b,M) and 
Corollary 2.29 imply that g(U t (M)) projects onto M in a and that dist(y(II t (M)), M) > 
dist(#(M),M) > 0. □ 

We now finish the proof of Proposition 6.9. Let a, b, c, d be four pairwise distinct elements in 
M. Lemma 6.11 implies that there exist g G G satisfying P{a, b, M) and h satisfying P(c, d, M). 
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Figure 5: Action of the elements g,g ,h,h . 

Then g^ 1 is satisfying P(b,a,M) and h^ 1 is satisfying P(d,c,M) by Lemma 6.12. In par- 
ticular g{M) C n a (M), g~ 1 {M) C U b (M), h(M) C n c (M), /r^M) C U d (M). 

Since 6 {a,c,d}, Lemma 6.12, part (b), implies that g(U a (M)[jU c (M)un d (M)) C n a (M). 
The isometries g _1 ,h, h -1 satisfy similar properties. The Tits ping-pong argument allows to 
conclude that g and h generate a free group. □ 

Theorem 6.13. Let Q be a family of finitely generated non-virtually cyclic groups satisfying a 
law. Then Q is uniformly wide. 

Proof. Suppose that an ultralimit C = lim w (G„, ^-dist„) e has a cut-point, where lim^ d n = oo. 
Then by Lemma 2.31 and Proposition 6.1, C is a tree graded space, not reduced to a point nor 
isometric to R. The group Q = H e (G n , -f-dist n )/u; acts transitively on C. If C is not an R-tree, 
Proposition 6.9 implies that Q contains a non-abelian free subgroup, and so it cannot satisfy a 
non-trivial law, a contradiction. 

Suppose that C is an R-tree (but not a real line). By [Chis, Proposition 3.7, p. Ill], if Q does 
not fix an end of C, Q contains a non-abelian free subgroup, a contradiction. Therefore we can 
assume that Q fixes an end of C. This means that Q asymptotically fixes a ray s(t), t G [0, oo), 
starting at e. We shall now show that this assumption leads to a contradiction. 

Since the action of Q on C is transitive, the ball of radius 1 in C around e contains at least 
9 disjoint isometric copies of the ball of radius 1/4 (of course, here 9 can be replaced by any 
positive integer). This implies that w-almost surely for all n, the number of elements in the ball 
of radius d n in the Cayley graph of G n is at least 9 times bigger than the number of elements 
in the ball of radius d n /4. 

For x € {1, 1.25, 1.5, 1.75} Let s(x) = (u n (x)Y , for some u n (x) G G n . Take any g = (g n Y G 
Q such that dist n (g n , 1) < d n . Then dist(g • 1, e) < 1. Note that the image g ■ s is a ray which 
must be asymptotically equal to s. Therefore the intersection g ■ s and s contains the subray 
s(t), t G [1, oo). Since g acts asymptotically on this ray by translation, either g ■ s(l) or g^ 1 ■ s(l) 
belongs to the interval s(t), t G [1,2] of this subray. Therefore either g-s(l) or <7 _1 -s(l) is within 
distance 1/4 from s(x) for some x G {1,1.25,1.5,1.75}. This implies that o;-almost surely for 
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any n, and any g n € G n with dist n (<7„, 1) < d n , for some x € {1, 1.25, 1.5, 1.75}, and a choice of 
e G {1, —1}, we have 

dist n (-u n (x) _1 #> n (l), 1) < d n /A. 

This implies that the w-almost surely for every n the ball of radius d n in the Cayley graph of 
G n contains at most 8 times more elements than the ball of radius d n /4, a contradiction with 
the statement from the previous paragraph. □ 

Examples: Solvable groups of a given degree, Burnside groups of a fixed exponent and 
uniformly amenable groups (see Corollary 6.17 below) are examples of groups satisfying a law. 

Corollary 6.14. Let G be a finitely generated non-virtually cyclic group satisfying a law. Then 
G is wide. 

Corollary 6.15. Let metric space X be asymptotically tree-graded with respect to a collection of 
subsets A. For every non-trivial group law and every (L, C) there exists a constant M depending 
on (L,C) and on the law such that the following holds. Any (L,C)- quasi-isometric embedding of 
a finitely generated non-virtually cyclic group satisfying the law into X has the image in Mm (A) 
for some A € A. 

The following statement is probably well known but we did not find a proper reference. 

Lemma 6.16. Let uj be any ultrafilter, G any group. The group G satisfies a law if and only if 
its ultrapower ILG/ui does not contain free non-abelian subgroups. 

Proof. Clearly, if HG/lo contains a free non-abelian subgroup then G does not satisfy any law. 
Conversely assume that G does not satisfy any law. Let us list all words in two variables: 
ui,U2,—, and form a sequence of words v\ = u\,V2 = [u\,U2],v-z = [u±, U2, U3], ... (iterated 
commutators). We can choose the sequence u±,U2, ■■■ in such a way that all words Vi are non- 
trivial. Since G does not satisfy a law, for every i there exists a pair (xi,yi) in G such that 
Vi(xi,yi) is not 1 in G. Let x = (x,i) w , y = {yiY be elements in the ultrapower. Suppose that 
the subgroup {x,y) of TIG /to has a relation. That relation is some word Ui in two variables. 
Hence Ui(xj,yj) = 1 w-almost surely. In particular, since w is a non-principal ultrafilter, for 
some j > i, Ui(xj,yj) = 1. But then Vj(xj,yj) = 1 since Ui is a factor in the commutator Vj, a 
contradiction. □ 

Recall that a discrete group G is (Folner) amenable if for every finite subset K of G and 
every e € (0, 1) there exists a finite subset F C G satisfying: 

\KF\ < (l + e)|F|. 

The group G is uniformly amenable if, in addition, one can bound the size of F in terms of 
e and \K\, i.e. there exists a function <f> : (0, 1) x N — > N such that 

\F\<^\K\). 

For details on the latter notion see [Kel], [Boz] and [Wys]. The following result has also been 
obtained in [Kel, Corollary 5.9], we give a proof here for the sake of completeness. 

Corollary 6.17. A uniformly amenable finitely generated group satisfies a law and so it is wide 
if it is not virtually cyclic. 
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Proof. Indeed, by [Wys], if G is uniformly amenable then any ultrapower UG/uj is Folner 
amenable. Hence we can apply Lemma 6.16 if we prove that any subgroup S of an arbitrary 
Folner amenable group H is Folner amenable. 

The argument is fairly standard and well known, we present it here only for the sake of 
completeness. Take an arbitrary small e > 0. Take K a finite subset in S. There exists a subset 
F in H such that \KF\ < (1 + e)|F|. Consider a graph whose vertices are the elements of the 
set F, and whose edges correspond to the pairs of points (f\, f2) £ F x F such that f 2 = kfi, 
where k £ K. Let C be a connected component of this graph with set of vertices Vc- Then 
KVc does not intersect the sets of vertices of other connected components. Hence there exists a 
connected component C such that |-fCVc| < (1 + e)|Vc| (otherwise if all these inequalities have 
to be reversed, the sum of them gives a contradiction with the choice of F). Without loss of 
generality, we can assume that Vc contains 1. Otherwise we can shift it to 1 by multiplying on 
the right by c _1 for some c £ Vc- Then Vc can be identified with a finite subset of S. Therefore 
S contains a subset Vc such that |AVc| < (1 + e)|Vc|- D 

Remark 6.18. The amenability defined by the existence of a left invariant mean on the set of 
functions uniformly continuous to the left is not inherited by subgroups in general. If 7i is a 
separable infinite dimensional Hilbert space and G = U(H) is the group of unitary operators 
on 7i endowed with the weak operator topology, then G is amenable in the above sense [dH]. 
On the other hand, if we take 7i = £ 2 {F2), with F2 the free group of two generators, then G 
contains F 2 [BHV, Remark G.3.7]. 

7 Fundamental groups of asymptotic cones 

In [EO], A. Erschler and D. Osin constructed (modifying an idea from [OIS2]), for every "suffi- 
ciently good" metric space M, a two-generated group G with the property that M 7Ti-embeds 
isometrically into an asymptotic cone Con^G). Thus any countable group is a subgroup of the 
fundamental group of some asymptotic cone of a finitely generated group. In this section we 
modify, in turn, the construction from [EO] to show that the fundamental group of an asymptotic 
cone can be isomorphic to the uncountable free power of any countable group. Moreover, that 
asymptotic cone can be completely described as a tree-graded space. In particular, if, say, M is 
compact and locally contractible then there exists a 2-generated group one of whose asymptotic 
cones is tree-graded with respect to pieces isometric to M. We also construct a 2-generated re- 
cursively presented group with the maximal possible (under the continuum hypothesis) number 
of non-homeomorphic asymptotic cones. 

7.1 Preliminaries on nets 

Let (A, dist) be a metric space. We recall some notions and results from [GLP]. 

Definition 7.1. A S-separated set A in A is a set such that for every x±, xi £ A, dist(xi, X2) > 6- 
A S-net in A is a set B such that X £ Ns(B). 

Remark 7.2. A maximal 5-separated set in A is a 5-net in A. 

Proof. Let A be a maximal ^-separated set in X. For every x £ X \ N, the set A U {x} is no 
longer J-separated, by maximality of A. Hence there exists y £ A such that dist(x,y) < 5. □ 

Definition 7.3. We call a maximal ^-separated set in X a 5-snet. 

Note that if A is compact then every snet is finite, hence every separated set is finite. 



57 



Remark 7.4. Let (X, dist) be a metric space and let (M n ) n ^ be an increasing sequence of 
subsets of X. Let (5 n )neN be a decreasing sequence of positive numbers converging to zero. 
There exists an increasing sequence 

iVi C N 2 C • • • C N n C • • • , 

such that N n is a <5 ra -snet in (M n , dist). 

Proof. There exists a 5i-snet in Mi, which we denote N±. It is a 5i-separated set in Mi- Let 
N2 be a (52-snet in M2 containing N±. Then ./V2 is a ^-separated set in M3. Inductively we 
construct an increasing sequence (N n ) n€ ^. □ 

Notation: Let A be a subset in a metric space. We denote by T K (A) the metric graph with set 
of vertices A and set of edges 

{(01,02) I ai, 0,2 € A, < dist (ai, 02) < re} , 

such that the edge (a±, 02) is of length dist (ai, 02). We shall denote the length of every edge e 
by |e|. We endow T K (^4) with its length metric. 

Notation: Let (X, dist) be a proper geodesic metric space, let O be a fixed point in it and let 
C € (0, 1). We denote by i? n = B(0,n) the closed ball of radius n around O. We consider an 
increasing sequence of subsets in X, 

{O} C m C N 2 C • • • C N n C • • • , 

such that iV ra is an £ n -snet in B n . Let T n be the finite graph r^[„/2] (-/V n ), endowed with its length 
metric dist n (here [|] is the integer part of |). 

We recall that two metric spaces with fixed basepoints (X, distx, x) and (Y, disty, y) are said 
to be isometric if there exists an isometry (f> : X — > F such that </>(a?) = y. 

Lemma 7.5. In i/te notation as above: 

(1) for every n>2, for every x,y E iV n we have 

dist(x, y) < dist n (x, y) < (l + 6C fc ) (dist (a;, y) + 2( fe ) + 2( fc , (11) 

where k = [^]; 

(2) for every observation point e G UN n /uj, the spaces lim aJ (iV n , dist n ) e; lim^(r n , dist ra ) e and 
lim aJ (B n , dist) e with the basepoints lim a; (e) are isometric. 

(3) the spaces lim w (iV n , dist n ) ; lim w (r n , dist n ) with the basepoints lim w (0) and (X, dist) with 
the basepoint O are isometric. 

Proof. (1) Let x,y be two fixed points in N n . If dist(x,y) < £[ n / 2 l then by construction 
dist(x,y) = dist n (x,y) and both inequalities in (11) are true. Let us suppose that dist(x,y) > 

£[n/2]_ 

The distance dist n (x,y) in T n is the length of some path composed of the edges eie2...e s , 
where x = (ei)_ and y = (e s )+. It follows that 

dist n (x,y) = ^2 M ^ dist(x,y). 

i=i 



58 



We conclude that 

dist n (x,y) > dist(x,y) . 

We also note that 

dist Tt (x, y) > dist m (x, y) for every m> n, (12) 

since N n C N m . 

The distance dist(x,y) is the length of a geodesic c: [0, dist(x, y)} — > X. Since x,y G iV ra C 



5(0, n), the image of this geodesic is entirely contained in B(0, 2n). Let to = 0, t±, t 2 , . . . , t m = 
dist(x,y) be a sequence of numbers in [0, dist(x, y)] such that < ij+i — U < for every i G 
{1, 2, . . . , m — 1} and m < 2dls t +1. Since dist(x, y) > £l n / 2 ] > ( n , we can write m < 3dls ^-^) _ 
Let Xi = c(£j), i G {0,1,2,... , m}. For every i G {0,1,2, ... , m} there exists Wi G iV 2 „ such that 
dist(xj, Wi) < ( 2n . We note that wo = x, w m = y. We can write 

m— 1 m— 1 m— 1 

dist(x, y) = ^ dist(xi, x m ) > ^ [dist(u>;, w m ) - 2C 2n ] ^ dist(^, w i+1 ) - 2mC, 2n . (13) 

i=0 i=0 i=0 

We have dist(«;j, tOj+i) < dist(xj, Wi) + dist(xj, Xj+i) + dist(xj + i, itfj+i) < 2( 2n + < C n f° r 
n large enough. Therefore Wi, Wi + \ are connected in r 2n by an edge of length dist(u>j, Wi + \). We 
conclude that 

m— 1 m— 1 

X! dist(wj,tt;i + i) = ^ dist 2 n(wi,Wi + i) > dist 2n (u> , Wm) = dist 2n (x,y). 

i=0 i=0 

This and (13) implies that 

dist(x,y) > dist 2n (x,y) - 6dist(x,y)C™ . 

We have obtained that 
1 



l + 6C n 



dist 2ri (x,y) < dist(x,y) < dist n (x,y), for all x,y G N n . (14) 



Let again x,y be two points in N n , k = [n/2]. There exist x',y' G iVfc C iV n such that 
dist(x, x'), dist(y, y') < C, k . This implies that dist(x,x') = dist n (x,x') < Q k and likewise 
dist(y,y') = dist n (y,y') < Q k . Hence dist n (x,y) < dist n (x',y') + 2Q k . 

Inequalities (12) and (14) imply 

dist„(x', y') < dist 2fc (x', y') < (1 + 6C fc )dist(x', y>) < (1 + 6C fc )(dist(x, y) + 2C fc ). 
This gives (11). 

(2) We have N n C T n C A^ [n/2 ] (iV n ). Therefore lim" (r n , dist n ) e = lim w (iV n , dist n ) e . 
Thus it is enough to prove that lim 1 ^ (N n , dist ra ) e and lim^(B n , dist) e with the basepoints lim^e) 
are isometric. 

We define the map 

*: lim w (x n ) i-> lim w (x n ) (15) 

from lim w (iV n ,dist n ) e to lim u; (.B n , dist) e . Inequalities (11) imply that the map \I> is well defined 
and that it is an isometric embedding. 

We prove that ^ is surjective. Let (y n ) w £ H e B n /uj. For every y n there exists x n G N n such 
that dist(x ra ,y n ) < ( n . Since the sequence (dist(y n , e n )) is bounded, the sequence (dist(x n , e n )) 
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is also bounded by the second inequality in (11), and so is the sequence (dist n (x n , e n )). We have 
lim u; (x n ) € lim w (A n ,dist n ) e and ^ (lim" (x n )) = lim w (x n ). As lim a; dist(x n , y n ) = we conclude 
that lim^^n) = lim w (y n ). 

(3) According to (2) it suffices to prove that lim^(S n , dist)o with the basepoint lim w (0) 
and A with the basepoint O are isometric. Let x G A. For n large enough, x G B(0,n). We 
define the map 

x i-> lim^x) (16) 

from A to lim w (5 n ) . 

The map <I> is clearly an isometric embedding. Let us show that <I> is surjective. Let (x n ) nG pj 
be such that x n € B n and such that dist(0,x n ) is uniformly bounded by a constant C. It 
follows that x n € B(0,C) for all n £ N. Since the space X is proper, B(0,C) is compact 
and there exists an w-limit x of (x n ). It follows that lim a; dist(x n , x) = 0, which implies that 
lim w (x n ) = lim w (x) = □ 

Notation: We shall denote the point lim a; (0) also by O. This should not cause any confusion. 

Remark 7.6. The hypothesis that X is proper is essential for the surjectivity of in the proof 
of part (3) of Lemma 7.5. 

Definition 7.7. For every proper geodesic metric space (A, dist) with a fixed basepoint O, and 
every sequence of points e = (e n ) aJ ', e n € B n = B(0,n), we shall call the limit \\va ul {B n ) e an 
ultraball of X with center O and observation point e. 

Remark 7.8. Notice that the ultraballs lim 0J (B n ) e and Van? {B n ) e i with observation points 
e = (e ra ) w and e' = (e' n ) u ', such that dist(e n ,e£J is uniformly bounded aj-almost surely, are the 
same spaces with different basepoints (see Remark 3.7). 

Remark 7.9. It is easy to prove, using results from [BGS, §7.3] and [KaLi], that an ultraball of 
a complete homogeneous locally compact CAT(0)-space is either the whole space or a horoball 
in it (for a definition see [BrH]). In particular the ultraballs of the Euclidean space M n are M n 
itself and all its half-spaces. 

We are now going to construct a proper geodesic metric space with basepoint (Yc>, dist, O) 
whose fundamental group is any prescribed countable group C, and such that every ultraball 
with center O of Yc either is isometric to the space Yc itself or is simply connected. 

Let C = (S | R) be a countable group. We assume that S = {s n | n £ N} = C, and that R 
is just the multiplication table of C, i.e. that all relations in R are triangular. For every n € N, 
consider X n the part of the cone z 2 = x 2 + y 2 in IR 3 which is above the plane z = n — 1. The 
intersection of this (truncated) cone with the plane z = n — 1 will be called its base. Cut a slit 
in X n of length nir, in the intersection of X n with the plane z = 2n. This slit has simple closed 
curve boundary of length 2mr, same as the length of the base of X n+ ±. The resulting space is 
denoted by Y n . The vertex of Y\ is denoted by O. 

Now consider the following construction. We start with the space Y\, glue in the space Y2 
so that the base hole of Y2 is isometrically identified with the boundary of the slit cut in Y±, 
glue in Y3 so that the base hole of I3 is identified with the boundary of the slit in Y2, etc. The 
resulting space with the natural gluing metric is denoted by Y. Now enumerate all relations in 
R = {ri,r2, ■■■}■ For every m = 1,2,..., r m has the form XiXjX^ 1 . Choose a natural number 
k = k(m) such that the base holes of Yi,Yj,Yj. are at the distance < k in Y and such that 
k(m) > k(m — 1). Consider the circles yi,yj,yk obtained by cutting Yj,,Yj, Y& by planes parallel 
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to the base hole at distance k from O, connect these circles with O by geodesies. Glue in an 
Euclidean disc D n to the circles yi,yj,Uk and connecting geodesies such that the boundary of 
D n is glued, locally isometrically, according to the relation r m . We supply the resulting space 
Yq with the natural geodesic metric dist. 

We keep the above notation for balls B n = B(0,n), and metric spaces N n and T n for this 
space Yc- 

The following properties of the space (Ycr,dist) are obvious. 

Lemma 7.10. (1) The space Yq is geodesic and proper. 

(2) For every d > there exists a number r > such that every ball of radius d in Yq, whose 
center is outside B(0,r), is contractible. 

(3) The fundamental group ofYc is isomorphic to C. 

Lemma 7.11. The ultraball \\m u (B n ) e of Yq with center O is simply connected if dist(e n , O) 
is unbounded u-almost surely, otherwise it is isometric to Yq- 

Proof. Indeed, if a point e = (e n ) from X w is such that dist(e n , O) is bounded w-almost surely 
then the corresponding ultraball is isometric to Yq by Remark 7.8. Suppose that 

limdist(e n , O) = oo. 



Let U be the corresponding ultraball. Then every closed ball Bu{e,r) in U is the w-limit of 
i?y c (e n , r)nB n . By Lemma 7.10, the balls By c {e n , r) are contractible w-almost surely. Therefore 
Bu(e,r) is contractible. Since every loop in U is contained in one of the balls Bu(e,r), U is 
simply connected. □ 

7.2 Construction of the group 

Let A be an alphabet and a free group generated by A. For every w G we denote by 
the length of the word w. 

Definition 7.12 (property C*(A)). A set W of reduced words in F^, that is closed under cyclic 
permutations and taking inverses, is said to satisfy property C*(A) if the following hold. 

(1) If u is a subword in a word w € W so that \u\ > X\w\ then u occurs only once in w; 

(2) If u is a subword in two distinct words W\,W2 £ W then \u\ < Amin(|iyi|, | 2 1 ) - 

We need the following result from [EO]. 

Proposition 7.13. [EO] Let A = {a, b}. For every A > there exists a set W of reduced words 
in Fa, closed with respect to cyclic permutations and taking inverses, satisfying the following 
properties: 

(1) W satisfies C*{\); 

(2) for every n € N, the set {w G W | \w \ > n} satisfies C*(\ n ) with Wm-a^^Xn = 0; 

(3) lim^ oo card {w G W | \w\ = n} = 00. 
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Notation: Let us fix A = g^j, and a set of words VV provided by Proposition 7.13. 
Let n(n) = card{u> G W | \w\ = n} . We have that lim ra ^ 00 K(n) = oo. 

Fix a number £ G (0, 1). For every n G N, let T n be a finite metric graph with edges of length 
at least Q n and at most £l n / 2 ] and diameter at most Wn for n large enough. We endow T n with 
the length metric dist n . Let N n be the set of vertices of F n and let O n be a fixed vertex in N n . 
Let be the number of edges of T n . 

Definition 7.14 (fast increasing sequences). An increasing sequence (d n ) of positive numbers 
is called fast increasing with respect to the sequence of graphs (T n ) if it satisfies the following: 

(1) for every i > [( n d n \, > E n ; 

(2) limbos £^ = oo; 

(3) lim^oo^ = 0. 

Fast increasing sequences of numbers clearly exist. 

Let us fix a fast increasing sequence d = (d n ) with respect to the sequence of graphs (r n ). 
To every edge e = (x,y) in T n we attach a word w n (e) in W of length [<i n |e|] such that 

(1) tf n (e _1 ) = u/ n (e) _1 ; 

(2) w n (e) + w n (e>) if e + e' . 

We can choose these words because for every edge e = (x,y) in T n , we have [<i n dist(x, y)\ > 
[C n d n ] and because we have enough words in W of any given length (part (1) of Definition 7.14). 

Definition 7.15 (the presentation of the group G). We define the set of relations R n as follows: 
for every loop p = e\e2--.e s in T n we include in i? n the free reduction of the word 

w n (p) = w n (ei)w n (e 2 ) ■ ■ ■ w n (e s ). 

Let R = UneN and let G = (a, b \ R). 

Notation: We denote by Cayley(G) the left invariant Cayley graph of G with respect to the 
presentation G = (a,b \ R), that is the vertices are elements of G and the (oriented) edges are 
(g,gx) for every x € {a, b, a -1 , b^ 1 }. The edge (g,gx) in Cayley(G) is usually labeled by x, so 
Cayley(G) can be viewed as a labeled graph. Every path in Cayley(G) is labeled by a word 
in a and b. The length of a path p in Cayley (G) is denoted by \p\. The distance function in 
Cayley(G) is denoted by dist, it coincides with the word metric on G. 

Notation: For every word w in the free group F^ a b y we denote by g w the element in G repre- 
sented by w. 

As in [EO] and [Olsi], we introduce the following types of words. 

Definitions 7.16 (words of rank n). Every freely reduced product 

w = w n (e 1 )w n (e 2 ) ■ ■ -w n {e m ), (17) 

where ei, e m are edges in T n is called a word of rank n. The words w n (ei) will be called the 
blocks of w. 

Every freely reduced product 

w n {p) = w n (ei)w n (e 2 ) • • . w n (e m ), 

where p = e\e2--.e m is a path in T n , is called a net word of rank n. 
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Remark 7.17. The words w n (e) have length at least {( n d n ] > [d n -i] > — 1 > n for n 
large enough. This and the small cancellation assumptions from Proposition 7.13 imply that at 
most 2A n of the length of the block w n {e) can cancel in the product (17) provided none of its 
neighbor factors is w n {e~ l ). In particular, if a path p in T n has no backtracking, at most 2A n 
of the length of any factor w n (e) cancels in the word w n (p). 

Notation: For every path p in T n starting at O n let p be the path in Cayley(G) labeled by 
Wn{p) starting at 1. We denote by 5ft ra C Cayley(G) the union of all these paths p. It is easy to 
see that consists of all prefixes of all net words w n {p), where p is a path in T n starting at 

O n . 

Definition 7.18 (cells of rank n). By definition of the set of relations R, the boundary label of 
every cell in a van Kampen diagram A over R is a net word. Therefore a cell in A is called a 
cell of rank n if its boundary label is a net word of rank n. 

Definition 7.19 (minimal diagrams). A van Kampen diagram over R is called minimal if it 
contains the minimal number of cells among all van Kampen diagrams over R with the same 
boundary label, and the sum of perimeters of the cells is minimal among all diagrams with the 
same number of cells and the same boundary label. 

Notation: The boundary of any van Kampen diagram (cell) A is denoted by <9A. 

Lemma 7.20. (1) Every minimal van Kampen diagram A over R satisfies the small cancel- 
lation property C"(l/10) (that is, the length of any path contained in the boundaries of any two 
distinct cells in A cannot be bigger than 1/10 of the length of the boundary of any of these cells). 
(2) Every cell it in a minimal van Kampen diagram A over R satisfies \dir\ < 2|<9A|. 

Proof. (1) is Lemma 4.2 in [EO]. 

(2) We prove the statement by induction on the number n of cells in A. If n = 1 then the 
statement is obviously true. Suppose it is true for some n. We consider a minimal van Kampen 
diagram A with n + 1 cells. By Greendlinger's lemma [LS] and Part (1) there exists a cell it and 
a common path p of dir and d A whose length is bigger than ^j|37r|. It follows that \dir\ < 2\dA\. 
Removing p and the interior of it, we obtain a minimal diagram A' with boundary length smaller 
than |<9A| and with fewer cells than A. It remains to apply the induction assumption to A'. □ 

Notation: We shall denote the graphical equality of words by =. 

Lemma 7.21. Let u = U1U2U3 be a word of rank n and v! = u'^wiu'^ be & word of rank m, 
n > m. Suppose \u 2 \ is at least 5 A times the maximal length of a block in u' . Then m = n. 
In addition, if u = w n {p) and u' = w n (q) are net words then the paths p and q in T n have a 
common edge e: p = p\ep2, q = q\eqi, and u\ (resp. u\) is a prefix of w n (p\e) (resp. w n {q\e)), 
U3 (resp. u' 3 ) is a suffix of w n {ep2) (resp. w n {eq2)). 

Proof. Indeed, the conditions of the lemma imply that one of the blocks of u that either contains 
U2 or is contained in U2 has in common with one of the blocks of u' at least A of its length. The 
small cancellation condition C*(A) implies that the blocks coincide, so m = n. The rest of the 
statement follows immediately from the definition of net words and Remark 7.17. □ 

Lemma 7.22. Let u and v be two words in {a, b} that are equal in G. Suppose that u is a (net) 
word of rank n and v is a shortest word that is equal to u in G. Then v is also a (net) word of 
rank n. In addition, if u is a net word, u = w n (p), then v = w n (q) for some simple path q in 
T n having the same initial and terminal vertices as p. 
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Proof. Consider a van Kampen diagram A over R with boundary d A = st where u labels s, 
v^ 1 labels t. 

By Greendlinger lemma, property C"(l/10) implies that there exists a cell tt in A such that 
dn and d A have a common subpath r of length ^|<97r|. Since v is a shortest word that is equal 
to u in G, no more than i of <97r is a subpath of i. Therefore |r fl s| > ||57r|. Notice that the 
label of dn is the reduced form of a product of at least two blocks. Therefore the label of r n s 
contains at least (1 — 4A)/5 of a block in dir. Lemma 7.21 implies that tt is a cell of rank n. 
After we remove the cell n from A we obtain a diagram A' corresponding to an equality u' = v 
of the same type as u = v, that is u' is a word of rank n representing the same element in G as 
u and v, and if u = w n (p) then u' = w n (p'), where p' is a path in T n with p'_ = p~,p' + = p+. 
Since A' has fewer cells than A, it remains to use induction on the number of cells in A. □ 

7.3 Tree-graded asymptotic cones 

Recall that we consider any sequence of metric graphs T n , n > 1, satisfying the properties listed 
before Definition 7.14, that the set of vertices of T n is denoted by N n , and that we fix basepoints 
O n in N n . For every x G N n let p x be a path from O n to x in Y n . We define 

<!>„ : N n -> K n , $ n (x) = ^(pj) in G 

(see notation before Definition 7.18). 

The value & n (x) does not depend on the choice of the path p x , because w n (q) is equal to 1 
in G for every loop q in T n by the definition of the presentation of G. Hence <£ ra is a map. 

Remark 7.23. Notice that every point in 5? n is at distance at most (^- n ^ 2 ^d n (l + A n ) from 
The sequence of maps (<3? n ) clearly defines a map 

{x n Y ~ ($ n (x n )r ■ 

from ITiV n /a; to UM n /u. 

Remark 7.24. Let a = & n (x) , x G iV n , and let b G G be such that a and b can be joined in 
Cayley(G) by a path labeled by w n (q), where q is a path in T n with g_ = x and (7+ = y. Then 
b = $ n (y) G *„(iV„). 

Lemma 7.25. Let e = (e n ) w G UN n /u, e' = ($„(e„)) w . T/ie map lim w (iV n , dist n ) e -> 
lim w (5ft n , dist/d n ) e / such that 

^ (lim w (x n )) =lim u (f n ( In )) 

zs a surjective isometry. 

Proof. For every x,y G iV ra , let p = eie2...e s be a shortest path from x to ?/ in r n . Then < I ) n (x) 
and $ n (y) are joined in Cayley(G) by a path labeled by w n {p). It follows that 

s s 

dist($ n (x),$ n (y)) < ^|w n (ej)| < d„^|ei| = d n dist n (x, y). 
i=i i=i 

By Lemma 7.22, for every x,y £ N n there exists a geodesic joining <E> n (x) to <& n (y) labeled 
by a net word w n (q) of rank n. If g = eie2-..et then 

w n (q) = w n (ei) . ..w n (e t ). 
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Therefore 

dist($ n (x), $„(</)) = |«; n ( g )| > £*=i (1 - 2A n ) |w/ n (e;)| 

> (1 - 2A n ) £- =1 KM - 1) > (1 - 2A n ) Kdist n (x,y) - t) 

> (1 - 2A n ) (d n dist n (x,y) - £ n ). 

Thus for every x, y G iV n : 

(1 - 2A n ) (d n dist n (x,y) - E n ) < dist($ n (x), $„(y)) < d n dist n (x, y). (18) 
According to (18), for every lim ti '(x n ), lim w (y ra ) G lim u '(N n , dist n ) e we have that 

lim a; dist n (x n , y n ) - lim w ^ < lim^ dlst ( x ") ' ® n < lim w dist n (x n , y„) . (19) 

Since (d n )„ G N is a fast increasing sequence we have that lim^^ = 0. This implies that ^ 
is well defined and that it is an isometry. 

Remark 7.23 implies the surjectivity of the map <Ev □ 

Notation: We denote by e the element (l) w G G w . 

Proposition 7.26. Let (r n ) ng pj be a sequence of metric graphs satisfying the properties listed 
before Definition 7.14, let (d n ) n ^ be a fast increasing sequence with respect to (r n ) ne ^ and let 
G = (a,b | R) be the group constructed as above. For every ultrafilter uj the asymptotic cone 
Con^G; e, d) is tree-graded with respect to the set of pieces: 

lim w ( 5 „K n ) | {g n y G G w such that lim, / 18 ^ 6 ' gA) < oo) , (20) 

in particular different elements (gn)^ correspond to different pieces from V . 

Proof. Property (Ti). Suppose that lim^ (g n $t n ) n lim^ (g' n $l n ) contains at least two distinct 
points, where (g n ) w , {sf n ) w G G w . We may suppose that {g' n Y = (l) w . Let 

lim w (a n ),lim"(6 n ) G Um"(g n M n ) n lim w (K„) , lim> n ) + lim w (6 n ). 

The inclusion lim w (a n ), lim aJ (6 n ) G lim aJ (K n ) implies that 

lim> n ) = \im»(<l> n (x n )) , lim w (6 n ) = lim"(cD n (y n )). 

where x n ,y n G N n , ]im u (x n ) ^ lim w (y n ). The inclusion lim w (a n ), lim a, (6 n ) G lim w (g n ^n) implies 
that lim w (a„) = lim" (<?„$„(<)) , lim w (6 n ) = lim w (<? n $ n (^)), where G iV n , lim w (<) ^ 

lim*V n ). 

By Lemma 7.22, for every n > 1, there exists a geodesic in Cayley(G) joining <& n {x n ) 
with <&n{Un) labeled by a net word w n (p^), where is a simple path from x n to y n in T n . 
It follows that p^ C 3ft n . Similarly, there exists a geodesic p^ joining g n <& n (x' n ) to g n Q n (y' n ) 
contained in g r Jfc n . The label of this geodesic is a net word w n {p^). Let q n be a geodesic 
joining $ n (x„) to g n $ n (x' n ) and q^ a geodesic joining $„(y n ) to g n ® n (y' n ) in Cayley(G). Both 
q ra and q^ have length o(d n ). The geodesies p^ and p^ on the other hand have length 0(d n ). 

We consider the geodesic quadrilateral composed of p^ n \ q n ,p2™\ q^ and a minimal van Kampen 
diagram A n whose boundary label coincides with the label of this quadrangle. Then dA n is a 
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product of four segments which we shall denote s n ,t n , s' n ,t' n (the labels of these paths coincide 
with the labels of the paths p^\ q n , p^\ q' n respectively). 

There exists a unique (covering) map 7 from A to Cayley(G) that maps the initial vertex 
of s n to 1 and preserves the labels of the edges. The map 7 maps s n to C 5R n and s' n to 

Let A* be the maximal (connected) sub-diagram of A n that contains s n and whose 7-image 
is contained in K n . Likewise, let A^ be the maximal sub-diagram of A n that contains s' n and 
whose 7-image is contained in g$t. n . The complement A n \ (A* U A^) has several connected 
components. 



» 







7(Ai) H 





» 



Figure 6: The diagram A n . 

Suppose that the complement contains cells, and let O n be one of the non-trivial components 
of the complement. The boundary of @ n is contained in <9A* U t n U <9A^ U t' n . By Greendlinger's 
lemma, there exists a cell ir in Q n such that dir n <90 n contains a path u n of length at least 
^j|<97r|. Suppose that u n has more than 15 A of its length in common with <9A*. Then the 
labels of dir and <9A* contain a common subword of length at least 5A of the length of a block 
participating in the label of dir. By Lemma 7.21, ir has rank n and the 7-image of A* U it is in 
3ft ra , a contradiction with the maximality of A* . Hence \u n n c?A* | < 15A|u Tt |. Similar argument 
applies to A^. 

Therefore \u n n (<9A* U dA 2 n ) | < 30A|u n |. It follows that ii n has more than |<97r| in common 
with t n Ut' n . Since 7(i n ) and 7^) are both geodesies, u n must intersect both of them. We have 
\u n \ < 30A|ii n | + |i n | + hence |it n | = o(d n ). Therefore 

dist($ n (x n ),<l> n (y n )) < \u n \ + |t„| + \t' n \ = o(d n ), 

a contradiction. 

Property (T 2 ). According to Proposition 3.29, it suffices to study sequences of geodesic 
/c-gons P n in Cayley(G) with all lengths of edges of order d n , k fixed and lim^(P n ) a simple 
geodesic triangle. We need to show that lim aJ (P„) is contained in one piece. 

We fix such a sequence (P n )neN of /c-gons in Cayley(G). Let V„ be the set of vertices of P n . 
We consider minimal van Kampen diagrams A^) and covering maps j n : AW -► Cayley(G) 
such that 7„(aA(™)) is P n . We can consider the boundary of also as a fc-gon whose vertices 
and sides correspond to the vertices and sides of P n . 

(a) Properties of the diagrams A( n ). 

By Lemma 7.20, each cell from A^™** has boundary length < 0(d n ). On the other hand, the 
cells of rank k > n + 1 have boundary of length at least [£ n+1 d n +i]. Property (2) of the fast 
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increasing sequence (d n ) implies that for n large enough all cells from the diagram A^ ra ) are of 
rank k < n. 

Suppose that w-almost surely there exists a cell tt of rank m < n — 1 in A^ n ) the boundary 
of which intersects two edges [x,y], [z,t] without common endpoint. Recall that the diameter 
of a cell of rank m is at most I0md m < 10(n — l)d n -i. Then there exist two points in ^y n [x,y] 
and in 7„[z,t] respectively, which are at distance at most 10(n — l)d ra -i of each other. In the 
(j-limit of P n we obtain that two edges without common endpoint intersect in a point. This 
contradicts the fact that lim w (P n ) is a simple loop. We conclude that w-almost surely all cells 
whose boundaries intersect two edges without common endpoint are of rank n. 

Suppose that the boundary of one of the cells tt of rank m in A( n ) is not a simple path. Then 
by applying the Greendlinger lemma to any hole formed by dir, we get a cell tt' whose boundary 
has a common subpath u with Ott such that \u\ > yjj|<97r'|. Then there exists a block w in Ott' 
such that \w D <97r| > We apply Lemma 7.21 to dir and dir' and we obtain that the ranks 

of tt and tt' coincide and that the boundary label of the union ir U it' is a net word of rank m 
corresponding to a loop in T m . Hence the union of the cells it and it' can be replaced by one 
cell corresponding to a relation from R, a contradiction with the minimality of A( n ) . Hence the 
boundary of each cell in A^™) is a simple path. 

Suppose that the boundaries of two cells tt\, 1T2, in A("), of rank mi and respectively, 
intersect in several connected components. We apply the Greendlinger lemma to a hole formed 
by dir\ U diT2 and we get a cell tt' whose boundary has a common subpath, of length at least 
^jlchr'l, with diTi U diT2- Therefore dir' has a common subpath with one diTi, i € {1,2}, of 
length at least ^j|97r'|. Lemma 7.21 implies that the ranks of TTi and tt' coincide and that the 
boundary label of TTi U tt' is a net word of rank corresponding to a loop in T„ H . Hence 7Tj U tt' 
can be replaced by one cell, a contradiction with the minimality of A^ n ^. We conclude that the 
intersection of the boundaries of two cells, if non-empty, is connected. 

Suppose that the boundary of a cell it in A^ ra ) of rank m intersects one side [x, y] of dA^ 
in several connected components. We consider a hole formed by dir U [x, y] and we apply the 
Greendlinger lemma to it. We obtain a cell tt' whose boundary has a common subpath u with 
8tt U [x, y], such that \u\ > jq\8tt'\. Since ^y n [x,y] is a geodesic, u cannot have more than ||it| 
in common with [x,y]. Hence \u (~l <97r| > ||37r'|, which implies that there exists a block w in 
Ott' such that \w n 8tt\ > j$\w\. We apply Lemma 7.21 to tt and tt' and as previously we obtain 
a contradiction of the minimality of A( n ). Consequently, the intersection of the boundary of a 
cell in A( n ) with a side of dA^ , if non-empty, is connected. 

(b) Existence of a cell TT n of rank n in A*™) such that dist(P n , 7„(<97r n )) = o(d n ). 

Take any vertex v = v n of the A;-gon dA^ n \ Let [x,v], [v,y] be the two consecutive sides of 
the fc-gon dA( n \ Let x' n € [x,v] be such that ^y n (x' n ) is the last point on [y n (v),'j n (x)] (counting 
from j n (v)) for which there exists a point z on [y n (v), 7n(y)] with dist(7„(x^), z) not exceeding 
( n / 2 d n . Since ( n / 2 d n = o(d n ), lim^(x^) = lim w ('j n v) (recall that the triangle lim aJ (P n ) is simple). 
Therefore dist(x^, ^ n v) = o{d n ). 

Similarly let y' n € [y,v] be such that J n (y'n) is the last point on [j n (v), 7«(y)] for which there 
exists a point z on [j n (v) , j n (x)] with dist(-f n (y' n ) , z) < ( n/2 d n . Then dist(^,7„i;) = o(d n ). 

Consider the set n„ of cells tt in A( ra ) whose boundaries have common points with both [x, v] 
and [v,y]. The boundary of tt naturally splits into four parts: a sub-arc of [x,v], a sub-arc of 
[v,y], and two arcs c(tt),c'(tt) which connect points on [x,v] with points on [v,y] and such that 
c(tt) and c'(tt) do not have any common points with [x,v] U [v,y] others than their respective 
endpoints. We assume that c'(tt) is closer to v than c(tt). 

The cells from n„ are ordered in a natural way by their distance from v. Take the cell tt <G n„ 
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which is the farthest from v among all cells in U v satisfying 

dist( 7 n(c(7r)_),7n(c(7T) + )) < [C^n]. 

Let us cut off the corner of A( n ) bounded by the triangle @ v = c(ir) U [c(tt)-,v] U [v,c(tt) + ]. 
Notice that by the definition of x' n ,y' n , we have c(7r)_ G [x^u], c(ir) + € [v,y' n ]. Therefore the 
lengths of the sides of Q v are o(d n ). Also notice that oj-almost surely 0„ contains all cells of 
rank < n — 1 from ILj. That follows from the fact that the diameter of 3?^, k < n — 1, does not 
exceed 10(n — l)d n _i, hence for n large enough it does not exceed [C, n / 2 d n \ by property (2) of 
the definition of a fast increasing sequence. 

Let us do this operation for every vertex v of the fc-gon A^ n ^. As a result, we get a minimal 
diagram A^ such that 7„(A^) is a 2/c-gon P' n with k sides which are sub-arcs of the sides of 
P n (we shall call them long sides) and k sides which are curves of type c(ir) whose lengths are 
o(d n ) (short sides). Some of the short sides may have length 0. The w-limit lim^(P^) coincides 
with lim w (P n ). We shall consider dA^ as a 2/c-gon with long and short sides corresponding to 
the sides of P' n . 

(n) 

Notice that by construction A^ does not have cells of rank < n — 1 which have common 
points with two long sides of the 2fc-gon dA^ . 




Figure 7: Diagram A'"'. 

Let 7Ti, 7r2,...,7r m be all Greendlinger y^-cells in A^\ i.e. for every i = 1, m, the intersection 
diTi n dA^ contains a subpath u; L of length at least A|37Ti|. Let r; L be the rank of the cell 7Tj, 
i = 1, ...,m. The path U{ cannot have more than | of its length in common with a long side of 

the 2/c-gon dA^ because the 7„-images of these sides are geodesies. By Lemma 7.21, Ui cannot 
have a subpath of length bigger than 5A times the length of a block of rank r; L in common with 
a short side of dA^' '■ Since short sides and long sides in dA^ alternate w-almost surely, Ui 
must have points in common with two long sides of dA^\ Therefore the number m is at most 
k and the rank r{ is n for every i = 1, ...,m (w-almost surely). 
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Let us cut off all cells 7Ti, ...,vr m from the diagram A^ . The resulting diagram A;> has a 
form of a polygon where each side is either a part of a long side of A^ (we call it again long) or 
a part of diii (we call it special) or a part of a short side of A^ (we call it short). Notice that 
by the definition of A^\ the length of any special side of A^ cannot be smaller than [C n ^ 2 d n ] 
cj-almost surely. 

Suppose that the diagram A^ contains cells w-almost surely. Consider a Greendlinger ~ 
cell 7r of rank m in A^ and the corresponding path u C dir n dA^ . This path cannot have 
more than | of its length in common with a long side of A^\ more than 5A times the length 
of a block of dir in common with a special or short side. Therefore u cannot contain a whole 
special side of A^. Hence u has a subpath v! of length at least (^ — 10A)|<97r| that intersects 
only long and short sides of A^ . Hence ir is a Greendlinger jjj-cell in A^ l \ This contradicts 
the fact that all such cells were removed when we constructed A^. 

Thus A^ contains no cells w-almost surely. In particular, all cells in A^ are of rank n and 
all of them are Greendlinger y^-cells. For each cell 7Tj, i = 1, ...,m, consider the decomposition 
d-Ki = Uiu[. Any two arcs u'^u'j (i ^ j), have at most one maximal sub-arc in common. The 
length of this sub-arc is at most 5A times the length of a maximal block of rank n (by Lemma 
7.21 and the minimality of A*™)). Hence (w-almost surely) the length of any arc u\ is at most 

bk\[C /2 d n ]. Therefore lim^ = 0. Since lim^(P^) is a simple triangle, we can conclude that 
w-almost surely for all but one i € {1, ...,m} the length of diTi is o(d n ). Indeed otherwise we 
would have two points on P' n at distance 0(d n ) along the boundary of P' n but at distance o{d n ) in 
Cayley(G). The w-limits of these two points would give us a self-intersection point of lim a; (P^). 

Let us call this exceptional i by i n . Then lim w (P^) coincides with lim^ {^y n (diTi n ) ) . Since 
7 n (7Tj n ) is contained in g n $t n for some <?„, lim w (P T / J is contained in one piece linr^ (g n ^R. n ) ■ D 

Proposition 7.27 (description of the set of pieces). Consider the following two collections of 
metric spaces: 

{hm-(^ n ) e | (g n r € G",\im J' 1St{e d 9M < oo} (21) 

and 

{lim w (iV n , dist^ | x e UN n /u} . (22) 

We consider each lim w (N n , dist n )j; as a space with basepoint lim w (x ra ) and each lirn^ (g n $t n ) e 
as a space with basepoint lim w (y n ), where \im w (y n ) is the projection of \im UJ (e) onto \im w (g n $l n ) . 

Then every space in one of these collections is isometric, as a metric space with basepoint, 
to a space in the other collection. Moreover every space in the second collection is isometric to 
continuously many spaces in the first collection. 

Proof. Let t n = g^Vn, n > 1. Let y = (y n ) w and t = (t n ) w . Then lim u '(g n ^i n ) e is isometric to 
linr^ (g n ?R; n )y which, in turn, is isometric to lim li '(K n ) t . Notice that t n <G 5R n , w-almost surely. 
Remark 7.23 implies that there exists a u n £ <& n (N n ) such that lim^ dlst ^ tn ' t "- ) = 0. Let u = 
(un)^. For every n > 1, let x n £ N n be such that u n = & n (x n ), x = (x.^. Then by Lemma 
7.25, lim u '(g n ^t n ) e is isometric to \im 0J (N n ) x . 

The fact that every limit set lim w (A r n , dist^)^ is isometric to a set lim^(3? n , dist/<i n ) 9 follows 
from Lemma 7.25. We write g as lim^g" 1 ) for some g" 1 € $> n (N n ). The set lim^ (g n $i ni d\st/d n ) e 
contains lim w (l) and with respect to this basepoint it is isometric to lim^A^, dist ra ) x . 

We consider an arbitrary element {^ n ) w in sucn that lim w dlst ^ 1 -T") = q The se ^ 
lim u '(7 n 5( n 3? n ) e is distinct from the set lim w ((7 ra 5R n ) e , as the argument in Proposition 7.26 shows. 
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On the other hand, the metric space lim^ {jn9n^-n)e with basepoint lim a; (7 n ) = lim^(l) is iso- 
metric to the metric space lim^(g r n K r) ,) e with basepoint lim aJ (l), hence to lim aJ (A ? n , distn)^ with 
basepoint lim a; (x n ). We complete the proof by noting that there are continuously many elements 
{ ln y with lim w dist ^' 7 " ) =0. □ 

7.4 Free products appearing as fundamental groups of asymptotic cones 

The following lemma is obvious. 

Lemma 7.28. The collection of sets {2 fc N + 1 k ~ x | k G N} is a partition of N. 

Notation: We denote the set 2 fc N + 2 fc_1 by F%, for every k G N. We denote by k{n) the element 
2 k n + 2 k ~ 1 of N fe . 

Let (Mj. , distfc)fc e js} be a sequence of proper geodesic locally uniformly contractible spaces, 
let Ofc be a point in and let £ be a real number in (0, 1). Fix fcgM. We apply Remark 7.4 

to the sequence of sets [Bn^ ) , where = {Ofc} and = B(Ok,n), n G N, and to 



'n€NU{0} 

the sequence of numbers (C n ) n eN- We obtain an increasing sequence 

{O fc } C ivf C ivf } C • • • C A^ fc) C • • • , (23) 

such that is a £ n -snet in {Bn\ distjt). We consider the sequence of graphs T^[ n /2] ^N^^J 
endowed with the length metric dist^ . We denote r^ [n / 2 ] (#) by 

Remark 7.29. Note that the diameter of (N^ k \ distfc) is at most 2n, so by (11) the diameter 
of (r^,dist^) is at most lOn, for n large enough. Hence the graphs T$ satisfy the conditions 
listed before Definition 7.14. 

Now consider the sequence (r n , dist n , O n ) of finite metric graphs endowed with length met- 
rics and with distinguished basepoints defined as follows: (r n , dist n , O n ) = (T^ , dist^ , Ok) 
when n € Nfe. We consider a sequence (d n ) of positive numbers which is fast increasing with 
respect to the sequence of graphs (r n ). We construct a group G = (a,b \ R) as in Section 7.2, 
associated to the sequences (r„) and (d n ). 

For every k G N let be an ultrafilter with the property that Hki^k) = 1. 

Proposition 7.30. The asymptotic cone Con Mfc (G; e, d) is tree-graded with respect to a set 
of pieces Vk that are isometric to ultraballs of M\~ with center Ok- Ultraballs with different 
observation points correspond to different pieces from Vk- 

Proof. By Proposition 7.26, Con Mfe (G; e,d) is tree-graded with respect to 

V k = {lim"* {gM | {g n y* G G"* such that i i% MMA) < ^ j (24) 

By Proposition 7.27, the collection of representatives up to isometry of the set of pieces 
(24) coincides with the collection of representatives up to isometry of the set of ultralimits 
u m Mfc (JV n ,dist n ) , x G UN n / Hk- The hypothesis that ^(N^) = 1 and the definition of the 

sequence of graphs (r n ) implies that lim Mfc (N n , distn)^ = lim Mfc ( dist^ ) for some G 

(k) 

UNn I [ik- It remains to apply Lemma 7.5. □ 
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Corollary 7.31. Suppose that the space Mk is compact and locally uniformly contractible. Then 
the asymptotic cone Con^* 1 (G; e, d) is tree-graded with respect to pieces isometric to Mj,, and the 
fundamental group of this asymptotic cone is the free product of continuously many copies of 

TTl(Mfc). 

Proof. It is a consequence of Proposition 7.30 and Proposition 2.22. □ 

Corollary 7.32. There exists a 2- generated group T such that for every finitely presented group 
G, the free product of continuously many copies of G is the fundamental group of an asymptotic 
cone ofY. 

Theorem 7.33. For every countable group C , there exists a finitely generated group G and 
an asymptotic cone T of G such that tt\(T) is isomorphic to an uncountable free power of C . 
Moreover, T is tree-graded and each piece in it is isometric either to a fixed proper metric space 
Yc with 7Ti(Yc) = C or to a simply connected ultraball ofYc- 

Proof. Let C be a countable group. By Lemma 7.10, C is the fundamental group of a geodesic, 
proper, and locally uniformly contractible space Yc- Moreover, by Lemma 7.11, there exists a 
point O in Yc such that every ultraball of Yc with center O either is isometric to Yc or is simply 
connected. It is easy to see that the cardinality of the set of different ultraballs of Yc with center 
O, that are isometric to Yc, is continuum. Consider the 2-generated group G = G{Yc) obtained 
by applying the above construction to = Yq and Ok = O, k > 1. Then by Proposition 
7.30 there exists an asymptotic cone of G that is tree-graded with respect to a set of pieces 
V such that the collection of representatives up to isometry of the pieces in V coincides with 
the collection of representatives up to isometry of the set of ultraballs of Yc with center O. By 
Proposition 2.22, the fundamental group of that asymptotic cone is isomorphic to the free power 
of C of cardinality continuum. □ 

7.5 Groups with continuously many non-homeomorphic asymptotic cones 

We use the construction in Section 7.2 to obtain a 2-generated recursively presented group which 
has continuously many non-7Ti -equivalent (and thus non-homeomorphic) asymptotic cones. Let 
us enumerate the set of non-empty finite subsets of N starting with {1} and {1,2}, then listing 
all subsets of {1, 2, 3} containing 3, all subsets of {1, 2, 3, 4} containing 4, etc. Let F^, k <G N, be 
the k-th set in the sequence of subsets. 

For every n > 1 let T n be the n-dimensional torus K n /Z n with its natural geodesic metric 
and a basepoint O = (0, 0, 0). 

For every k > 1 consider the bouquet of tori Bk = \J n eF k ^ n -> This ^ s a compact locally 
uniformly contractible geodesic metric space with a metric distfc induced by the canonical metrics 
on the tori and with the basepoint 0^ = 0. 

We repeat the construction of a group G = (a,b \ R) in Section 7.4 for the sequence of proper 
geodesic spaces with basepoints (Bk, distfc, Ok)km- 

(k) 

Since all Bk are bouquets of tori, we can choose the snets iV„ coming from the same regular 
tilings of the tori of different dimensions, and from their regular sub-divisions. There is a 

(k) 

recursive way to enumerate the snets For an appropriate choice of the set of words W 

in Proposition 7.13, we obtain a recursively presented group G. The group has the following 
property. 

Proposition 7.34. The asymptotic cone Con^ k (G; e, d) is tree-graded with respect to a set of 
pieces Vk such that every piece is isometric to one of the tori T n , n G F\.. 
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Proof. Proposition 7.30 implies that the asymptotic cone Con Mfe (G; e, d) is tree-graded with 
respect to a set of pieces V k such that all pieces are isometric to B k . It remains to use Lemma 
2.26. □ 



Notation: We denote Con^ (G; e, d) by C k and lim Mfc (e) by e k . 

Let I be an arbitrary infinite subset of N, I = 12, . . . , i n , • • •}■ We consider the increasing 
sequence of finite sets 

^fci C F k2 C • • • C F kn C ■ ■ ■ 

defined by = i 2 , . . . , i n }. Correspondingly we consider the sequence of asymptotic cones 
(Cfc n ) rae N- We consider an ultrafilter oj. The ultralimit lim w (C kn ) ( efc ) ngN is also an asymptotic 
cone of G, according to Corollary 3.24. We denote it by C W (J). 

Lemma 7.35. Lei (T fci ) 6e a sequence of tori T k% = IR fcl /Z fci with canonical flat metrics. Suppose 
that lim^&ii) = 00 for some ultrafilter to. Let T = lim a; (T fci ) e for some e. Then T contains 
isometric iri-embedded copies of all tori T n , n > 1. 

Proof. Since tori are homogeneous spaces, we can assume that e is the sequence of points 
(0,0,...). For every n > 1 the torus T n isometrically embeds into T ki for oj-almost all i by 
the map fa : (x\, ...,x n ) 1— ► (x\, x n , 0, 0, ...). Consequently T n isometrically embeds into T by 
4> w : x 1— > lim w (0j(x)). Let c be a non-0- homotopic loop in T n . Suppose that <pu(c) is 0-homotopic 
in 7". Then there exists a continuous map ip: B 2 — > T with -(/'(SB 2 ) = ^(c). For every small 
positive e, there exists a triangulation of B 2 such that if e is an edge in the triangulation, the 
images by if) of the endpoints of e are at distance at most e. Let V £ be the set of vertices of such 
a triangulation. The restricted map i^e^We is an w-limit of maps tpi : V £ — > T fc \ For every i and 
for every edge e in the considered triangulation of B 2 we join with a geodesic in T ki the images 
by ipi of the endpoints of e. The length of this geodesic is w-almost surely less than 2s. To each 
triangle of the triangulation thus corresponds a geodesic triangle in T ki of perimeter smaller 
than 6s, w-almost surely. For s small enough all these geodesic triangles are 0-homotopic in 
some T k \ But then c is 0-homotopic in T k \ a contradiction. □ 

Lemma 7.36. The asymptotic cone C w (7) is tree-graded with respect to a set of pieces V W (I) 
such that: 

(1) All pieces are either isometric to one of the tori T l , i G I, or they have the property that 
for every n € N they contain an isometric i:\-embedded copy of T n . 

(2) The fundamental group of every piece is Abelian. 

Proof. Proposition 7.34 implies that for every n G N, C kn is tree-graded with respect to a set of 
pieces V kn such that every piece is isometric to one of the tori {T n ,T* 2 , . . . , T tn }. Theorem 
3.30 implies that C W {I) = lim u, (Cfe n )( efcn ) ngN is tree-graded with respect to the set of pieces 

p u (I) = |lim UJ (M n ) I M n G V kn , dist(e fcn , M n ) bounded uniformly in n j . (25) 

Let lim u, (M n ) be one of these pieces. Since M n G V kn , it follows that M n is isometric to one 
of the tori {T n , T %2 , . . . , T ln }. Let i(M n ) be the dimension of the torus M n and let dist n be 
the geodesic metric on M n . 

(1) We have two possibilities. 
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I. lim aJ (i(M n )) = oo. In this case we can imply Lemma 7.35 and conclude that \\ia u) {M n ) 
contains isometric and 7Ti-injective copies of tori T N for every N. 

II. lim w (i(M n )) < oo. It follows that there exists a finite m such that i(M n ) G {h,i2, ■ ■ ■ ,im} 
cj-almost surely. Remark 3.2 implies that there exists j € {1,2, .. . , m} such that i{M n ) = ij 
(j-almost surely. Hence cj-almost surely M n is isometric to T l -» and lim w (M n ) is isometric to 

(2) Every torus T n is a topological group, so it admits a continuous binary operation and a 
continuous unary operation satisfying the standard group axioms. It is not difficult to see that 
(j-limits of tori also are topological groups. Now the statement follows from the fact that the 
fundamental group of every topological group is Abelian [Hat]. □ 

Theorem 7.37. The two-generated recursively presented group G has continuously many non- 
7Ti - equivalent (and in particular non-homeomorphic) asymptotic cones. 

Proof. Indeed, by Lemma 7.36 and Proposition 2.22 the fundamental group of C U {I) is a free 
product of Z l , i £ /, and infinite dimensional Abelian groups. By Kurosh's theorem [LS], if 
j $l I then 1? cannot be a free factor of that fundamental group. Hence the asymptotic cones 
C W (I) for different subsets / of N have different fundamental groups. □ 

Remark 7.38. Each of the continuously many asymptotic cones from Theorem 7.37 is a re- 
strictive asymptotic cone in the sense of Section 3.3. Indeed by Remark 3.25, each of the cones 
Con Mfe (G; e, d) is isometric to a restrictive asymptotic cone Con^ fc (G; e, (n)). The map 4> defined 
in Section 3.3 just before Remark 3.25 is in this case injective. The images of the sets under 
this map are pairwise disjoint and z^(</>(Nfc)) = 1. It remains to use Proposition 3.26. 

8 Asymptotically tree-graded groups are relatively hyperbolic 

Let G be a finitely generated group and let {Hi, . . . , H m } be a collection of subgroups of G. Let 
S be a finite generating set of G closed with respect to taking inverses. 

We denote by H the set U2=i(-^» \ { e D- We note that Cayley(G, S) is a subgraph of 
Cayley(G, S U Ti.), with the same set of vertices but a smaller set of edges. We have that 
distsuw(^) v) < dists(u,v), for every two vertices u, v. 

For every continuous path p in a metric space X we endow the image of p with a pseudo-order 
<p (possibly not anti-symmetric, but transitive and reflexive relation) induced by the order on 
the interval of definition of p. For every two points x,y we denote by p[x, y] the subpath of p 
composed of points z such that x < p z < p y. 

Definition 8.1. Let p be a path in Cayley(G, S U Ti). An TL-component of p is a maximal 
sub-path of p contained in a left coset gHi, i € {1,2,... , m}, g € G (i.e. this is a maximal 
subpath with all labels edges belonging to Hi for some i). 

The path p is said to be without backtracking if it does not have two distinct W-components 
in the same left coset gHi. 

There are two notions of relative hyperbolicity. The weak relative hyperbolicity has been 
introduced by B. Farb in [Fa]. We use a slightly different but equivalent definition. The proof 
of the equivalence can be found in [Os]. 

Definition 8.2. The group G is weakly hyperbolic relative to {Hi, . . . , H m } if and only if the 
graph Cay ley (G, S U H) is hyperbolic. 
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The strong relative hyperbolicity has several equivalent definitions provided by several au- 
thors. The definition that we consider here uses the following property. 

Definition 8.3. The pair (G , {Hi, . . . , H m }) satisfies the Bounded Coset Penetration (BCP) 
property if for every A > 1 there exists a = a(A) such that the following holds. Let p and q 
be two A-bi-Lipschitz paths without backtracking in Cayley(G, S UH) such that p_ = q_ and 
dist s (p + ,q+) < 1. 

(1) Suppose that s is an 7^-component of p such that dists(s_, s+) > a. Then q has an 
■^-component contained in the same left coset as s; 

(2) Suppose that s and t are two "^-components of p and q, respectively, contained in the same 
left coset. Then dists(s_, t_) < a and dists(s + , i + ) < a. 

Definition 8.4. The group G is (strongly) hyperbolic relative to {H\, . . . , H m } if it is weakly 
hyperbolic relative to {Hi, . . . , H m } and if (G , {-Hi, . . . , H m }) satisfies the BCP property. 

We are going to prove the following theorem. 

Theorem 8.5. A finitely generated group G is asymptotically tree-graded with respect to sub- 
groups {Hi, . . . , H m } if and only if G is (strongly) hyperbolic relative to {Hi, . . . , H m } and each 
Hi is finitely generated. 

This section is devoted to the proof of the "only if statement. Note that the fact that each 
Hi is finitely generated has been proved before (Proposition 5.11). 
The "if statement is proved in the Appendix. 

8.1 Weak relative hyperbolicity 

The most difficult part of Theorem 8.5 is the following statement. 

Theorem 8.6. If G is asymptotically tree-graded with respect to {Hi, . . . , H m } then G is weakly 
hyperbolic relative to {Hi, . . . , H m }. 

The main tool is a characterization of hyperbolicity due to Bowditch [B0W3, Section 3]. For 
the sake of completeness we recall the results of Bowditch here. 

8.1. A A characterization of hyperbolicity 

Let Q be a connected graph, with vertex set V and distance function dist, such that every edge 
has length 1. 

We assume that to every pair u, v <G V we have associated a subset A uv of V. Assume that 
each A uv is endowed with a relation < uv such that the following properties are satisfied. 

(h) <mii is reflexive and transitive; 

(Z 2 ) for every x, y G A uv either x < uv y or y < uv x; 

(I3) for every u, v G V we have A uv = A vu and 

We note that the relations < uv may not be anti-symmetric. 
Notation: For x,y G A uv with x < uv y, we write 

A uv [x, y] = A uv [y, x] = {z £ A uv | x ^ uv z ^ uv y{ . 
We also assume that we have a function (ji: VxVx V-»V with the following properties. 
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(ci) (symmetry) (p o a = <f> for every 3-permutation a; 

(02) <f)(u, u,v) = u for all u,v GV; 

(c 3 ) (f)(u, v, w) G A uv n A vw n A utt) . 

Suppose moreover that there exists a constant K > such that the following conditions are 
satisfied. 

(I) For every u,v,w G V, the Hausdorff distance between the sets A uv [u, 4>(u, v,w)] and 
A uw [u, (p(u, v, w)] is at most K; 

(II) If p, q G V are such that dist(p, (?) < 1 then diam A uv [cp(u, v,p) , 4>(u, v, q)] is at most K; 

(III) If w G A uv then diamA ul) [it; , (p(u,v,w)] is at most -ftT. 

We call (A uv , < M1) ) a /ine /rom u to v. We call (p(u,v,w) the center ofu,v,w. 

Proposition 8.7 ([B0W3], Proposition 3.1). If the graph Q admits a system of lines and centers 
satisfying the conditions above then Q is hyperbolic with the hyperbolicity constant depending only 
on K . Moreover, for every u,v £ V, the line A uv is at uniformly bounded Hausdorff distance 
from any geodesic joining u to v, where the previous bound depends only on K . 

8.1.B Generalizations of already proven results and new results 

Lemma 8.8. Let q : [0, t] — > X be an (L,C) -quasi- geodesic. Let x be a point in its image and 
let a, b be its endpoints. Then 

dist(a, b)>^- [dist(a, x) + dist(x, b)} - d , (26) 
L\ 

where L\ = I? and C\ = C + l) . 

Proof. Let s G [0, t] be such that q(s) = x. We have that dist(a, b) > j^t — C. On the other hand 
s > -^dist(a, x) — C and t — s > ^dist(x, b) — C imply that t > ^ [dist(a, x) + dist(x, b)] — 2C. □ 

Let (X, dist) be a metric space asymptotically tree-graded with respect to a collection of 
subsets A. Given L > 1 and C > we denote by M(L, C) the constant given by (q' 2 ) for 9 = |. 

Definition 8.9 (parameterized saturations). Given q an (L, C)-quasi-geodesic and /i > 0, we 
define the /x- saturation Sat^(q) as the union of q and all A G A with M^A) n q / 0. 

Notice that if a metric space X is asymptotically tree-graded with respect to a collection 
A = {Ai I i G /} then X is also asymptotically tree-graded with respect to AfAA) = {M^(Ai) \ 
iel} for every number [i > 0. This immediately follows from the definition of asymptotically 
tree-graded spaces. One can also easily see that properties (ai), (02), (03) are preserved. Hence 
the following two lemmas follow from Lemmas 4.21, 4.26 and 4.28. 

Lemma 8.10 (uniform quasi-convexity of parameterized saturations). For every L > 1, C > 
and n > M(L,C), and for every A > 1, n > 0, there exists r = r(L, C, fi, A, k) such that for 
every R> 1, for every (L, C) -quasi- geodesic q, the saturation Sat At (q) has the property that every 
(A, k)- quasi- geodesic c joining two points in its R-tubular neighborhood is entirely contained in 
its rR-tubular neighborhood. 
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Lemma 8.11 (parameterized saturations of polygonal lines). The statements in Lemmas 4-26 
and 4-28 remain true if we replace the saturations by fi-saturations, for every \i > 0. 

Lemma 8.12. Let q = qi U q2 U • • • U q n be such that 

(1) qi is an (L, C) -almost- geodesic in X for i = 1, 2, . . . , n; 

(2) qi n qi + i = {xi} is an end-point of q« and of q^+i for i = 1, . . . n — 1; 

and Xj are i/ie too endpoints of q,i for i = 2, . . . n — 1; 
(^J eac/i qj satisfies one of the following two properties: 

(i) the endpoints of q^ are in a set Ai € A or 

(ii) qi has length at most £, where £ is a fixed constant; 

(5) Ai + Aj ifi + 3. 

Then there exists L n > L , C n > C depending on n, £ and (L, C), such that q is an (L n , C n )- 
almost- geodesic. 

Proof. Clearly q is an L-Lipschitz map. We prove by induction on n that dist(q(t), q(s)) > 
■fMt — s\ — C n for some L n > L and C n > C. 

The statement is true for n = 1. Assume it is true for some n. Let q = qiUq2U---Uq n U q n +i 
be as in the statement of the Lemma. Let q' = qiUq2U- • -Uq n which, by the induction hypothesis, 
is an (L n , C n )-almost-geodesic. 

Suppose that q n +i satisfies (4), (ii). Then q is an {L n , 2(1 + C n ))-almost-geodesic. 

Suppose that q n +i satisfies (4), (i). Let A = A n+ i. We take M n = M(L n , C n ). Let y be the 
farthest point from x n in the intersection ATm„(^4) H q'. Consider q y a sub-almost-geodesic of 
q' of endpoints y and x n . By Lemma 4.15, q y is contained in the r n M n -tubular neighborhood 
of A. On the other hand, q y = q^ U q^+i U • • • U q n , where q^ is a sub-almost-geodesic of qj. 
Again Lemma 4.15 implies that every qj satisfying (4), (i), is contained in M T (Ai) for some 
uniform constant r. Therefore, every such qj composing q y has endpoints at distance at most 
the diameter of J\f T {Aj) n Af Tn M n {A), hence at most D n , for some D n = D n (T n M n ). It follows 
that the distance dist(y, x n ) is at most n[l + D n ). Lemma 4.19 implies that if the endpoints of 
q n +i are at distance at least D' = D'(L n , C n , D n ), then q is an (L n + 1 , 2Z?')-almost-geodesic. 

If the endpoints of q n+ i are at distance at most D' then the length of q n +i is at most LD' + C 
and q is an (L n , 2(LD' + C + C n ))-almost-geodesic. □ 

Lemma 8.13. For every L > 1, C > 0, M > M(L, C) and 5 > there exists Dq > such that 
the following holds. Let A £ A and let qi: [0,£i] — > X, i = 1,2, be two (L,C)- quasi- geodesies 
with one common endpoint b and the other two respective endpoints ai G Nm{A), such that the 
diameter of qi n A7"m(^4) does not exceed 5 for i = 1,2. Then one of the two situations occurs: 

(a) either dist(ai, 02) < Dq or 

(b) be N M {A) and £ t < Lb + C. 

Proof. Let dist (01,02) = D. We show that if D is large enough then we are in situation (b). 
Remark 4.14 implies that we may suppose that q^ are (L + C, C)-almost geodesies. 

According to Lemma 4.19, there exists D' such that if D > D' then qi U [01,02] is an 
(L + C + 1, 2D')-quasi-geodesic. Suppose that D > D' . 
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Suppose that b is not contained in Mm {-A). Let t G [0,^] be such that q2(i) G Mm (A) 
and q2 1 [o,t] d° es n °t intersect Mm (A). The sub-arc C|2 1 [t,^ 2 ] has endpoints at distance at most 
8, hence it has length at most Lb + C. It follows that qi U [01,02] U q2 1 is an (L + C + 
1 , Ci)-quasi-geodesic, where C\ = C\{D',5). Lemma 4.25 implies that qi U [01,02] U C|2|[t/ 2 ] * s 
contained in the r-tubular neighborhood of Sat(q2|[o,t]), where r = t(L,C,D' ,8). This implies 
that Mm {A) H M T (Sat(q2|[o,t])) Las diameter at least D. By Lemma 4.22, for D large enough 
we must have that A C Sat(q2|[o,t])- This contradicts the choice of t. 

It follows that b is contained in Mm (A), which implies that l\ < Ldist(oj, b)+C < L5+C. □ 

Corollary 8.14. For every L > I, C > 0, M > M(L,C) and 5 > there exists D x > such 
that the following holds. Let A G A and let q« : [0, it] — > X, i = 1, 2, 6e two (L, C)- quasi- geodesies 
with one common endpoint b and the other two respective endpoints Oj G A/m(^4) ; such that the 
diameter of qi PiMm(A) does not exceed 5. Then dist (01,02) < L)\. 
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Figure 8: Corollary 8.14 and Lemma 8.15. 

Lemma 8.15. For every L > I, C > and M > M(L,C) there exists D = D(L,C,M) > 
such that the following holds. Let A G A and let q : [0, £] — > X be an (L, C) -almost-geodesic with 
endpoints x and y G Mm (A). There exists a sub-arc q' of q with one endpoint x and the second 
endpoint in Mm (A) such that the diameter of q' dMm(A) is at most d. 

Proof. If x G Mm (A) then we take q' = {x}. Suppose that x Mm (A). Let t = mi{t' G [0,1] \ 
t' G q- l {M M {A))}. Then q(t) G M M (A). Let G [0,t] be such that q(sj) G 77 M (A), i = 1,2. If 
\si — S2I > 3L(M + 1) then property (a 2 ) implies that q([«i, S2]) HA/m^) 7^ 0- This contradicts 
the choice of t. Therefore |si — S2I < 3L(M + 1). We deduce that q([0, t]) nArM(^4) has diameter 
at most 3L 2 (M + 1). 

The definition of t implies that there exists t\ > t with t\ — t < and q(ti) G Mm (A). We 
take q' = q|[ , tl ]- The diameter of q' n Mm (A) is at most D = 3L 2 (M + 1) + 1. □ 

8.1. C Hyperbolicity of Cayley(G, SUH) 

Let G be a finitely generated group that is asymptotically tree-graded with respect to the finite 
collection of subgroups {Hi, . . . , H m }. This means that Cayley(Cr, S) is asymptotically tree- 
graded with respect to the collection of subsets A = {gHi \ g G G , i = 1, 2, . . . , m}. We prove 
that Cayley(G, S UH) is hyperbolic, using Proposition 8.7. The following result is central in 
the argument. 

Proposition 8.16. Let L > 1, C > 0, let n > M(L, C) and let qi, q 2 , q3 be three (L, C)-almost- 
geodesics composing a triangle in Cayley(G, S). We consider the set 

C£(qi, q 2 , q 3 ) = A^(Sat^(qi)) n M K {S^(q 2 )) n AA K (Sat^(q 3 )) . 
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(1) There exists kq = Ko(L,C,[i) such that for every k > kq the set CH (q±, q2, $3) intersects 
each of the almost- geodesies qi, (fci <]3- In particular it is non-empty. 

(2) For every k > kq there exists D K such that the set CjZ (qi, q 2 , c|3 ) has diameter at most D K 
in Cayley(G, SUH). 

Proof of (1). Let {i,j, k} = {1, 2, 3}. According to Lemma 8.11, the result in Lemma 4.25 is true 
if we replace Sat(q) by Sat^q^USat^q,,). In particular there exists r = t(L, C, fi) such that qt C 
A/" T (Sat^(qi)) U A/' r (Sat At (q i )). The traces on q k of the two sets A^Sat^q;)) and A/' T (Sat^(q j )) 
compose a cover of two open sets, none of them empty. Since q& is an almost geodesic, it 
is connected, hence q& fl A/^Sat^qj)) and q& fl A/' T (Sat At (qj)) intersect. The intersection is in 
C«(qi, q2, q3) for every k > r. □ 

We need several intermediate results before proving (2). In the sequel we work with the data 
given in the statement of the Proposition 8.16, without mentioning it anymore. 

Lemma 8.17. There exist positive constants a, [3 depending only on L,C,fi and k such that 
every point x G C«(qi, q2, q3) is in one of the two situations: 

(i) the ball B(x,a) intersects each of the three almost-geodesics qi,q2,q3/ 

(ii) x G M K (A) and Np(A) intersects each of the three almost-geodesics qi,q2,l3- 

Proof. Let x be an arbitrary point in C« (qi, q2, qs). The inclusion x G A/^Sat^qj)), i G {1, 2, 3}, 
implies that there are two possibilities: 

(Ii) x G Af K (qi) or 

(Hi) x G N K (A), where A G A, M^(A) n q* + 0. 

If we are in case (/) for the three edges then this means that (i) is satisfied with (3 = n. 

Suppose that only one edge is in case (//). Suppose it is q3. Then x G N K ((\\) n M K (q 2 ) and 
there exists A G A with M^(A) n q3 7^ such that x G N K (A). It follows that Mp(A) intersects 
the three edges for (3 = max(/i, 2k), so (ii) is satisfied. 

Suppose that two edges are in case (-ZT), for instance q2 and q3. Consequently, x G M K (q\) 
and x G M K (A 2 ) n M K (A 3 ), with A/^(A) n q« / 0, where i = 2, 3. If A 2 = A3 = A then Np(A) 
intersects the three edges for (3 = max(//,2fc), so (ii) is satisfied. If A 2 7^ A3 then, according to 
Lemma 8.11 (more precisely to Lemma 4.28 which also holds for /^-saturations) we have that 
x G N^(q 2 U qs), where x = k(^,k). Suppose that x G A^^). Then Mp(A 3 ) intersects the 
three edges for (3 = max(/i, 2k, k + x), so (ii) is satisfied. 

Suppose that the three edges are in case (II). It follows that x G M K (A\) F\M K (A 2 ) r\J\f K (A 3 ), 
with Af^(Ai) n qi / 0, where i = 1,2, 3. 

If the cardinality of the set {A±, A 2 , A3} is 1 then we are in situation (ii) with (3 = [i. Suppose 
the cardinality of the set is 2. Suppose that A\ = A 2 ^ A3. Lemma 4.28 for ^-saturations implies 
that x G M >c (q 2 U q3) n A/^(qi U q3). If x G A"*,^) then A = A\ = A 2 has the property that 
Mp(A) intersects the three edges for (3 = max(/i, k + x), and we are in case (ii). Otherwise 
x G Nx(qi) H Nx((\2)-, hence Mp(A^) intersects the three edges for (3 = max(/i, k + x). 

Assume that the cardinality of the set {A\, A 2 , A3} is 3. Then x G J^f >c (qi , Jq 2 )r\Af >c (q 2 Llq3)r\ 
A"^(qi U qs). It follows that x is in the x-tubular neighborhood of at least two edges. Suppose 
these edges are qi and q2- Then Mp(A3) intersects the three edges for (3 = max(/i, k + x). □ 
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Lemma 8.18. For every r > there exists g = g(r,L,C) such that the following holds. Let 
A ^ B be such that A,B G A, and both Af r (A) and M r (B) intersect each of the three almost- 
geodesic edges of the triangle. Then there exists x such that B(x, g) intersects each of the edges 
of the triangle. 

Proof. Let y G J\f r (A) and z G Af r (B). Lemma 8.15 implies that up to taking a subsegment of 
[y,z], we may suppose that the diameters of [y,z] PiAf r (A) and of [y,z] (lAf r (B) are at most d, 
where d = d(r). We apply Lemma 4.28 for r-saturations and for each q^, i G {1,2,3}, and we 
obtain that both B(y, g) and B(z, g) intersect q^, where g = g(r). □ 

Lemma 8.19. There exists R = R(L, C) such that for every triangle with (L, C)- almost- geodesic 
edges, one of the following two situations holds. 

(C) There exists x such that B(x,R) intersects each of the three edges of the triangle; 

(P) There exists a unique A £ A such that Mr(A) intersects each of the three edges of the 
triangle. 

Proof. Let qi,q2)l3 be the three edges. For [i = M(L,C) and kq = ko(L,C) we have that 
C«(qi, c\2, (\3) is nonempty. It remains to apply Lemmas 8.17 and 8.18. □ 

Notation: We denote the vertices of the triangle by 0\, 2 , O3, such that qj is opposite to Oj. 

Lemma 8.20. For every r > there exists D = D(r, L, C) such that the following holds. Let x 
be such that B(x,r) intersects the three edges of the triangle. 

(a) If y is such that B(y,r) intersects the three edges then distsuw^j y) ^ D. 

(b) If A G A is such that M r (A) intersects the three edges then distsu^(x, A) < D. 

Proof. Let Xi be nearest points to x in q^ i = 1,2, 3. 

(a) We denote distsu~H( x i y) by D. Let yi be nearest points to y in q^, i = 1,2,3. Then 
distsuH( x ii Vj) > D — 2r for every i,j G {1,2,3}. Suppose that D > 2r. Without loss of 
generality we may assume that y\ G qi[xi,Os]. We have dists(xi, X2) < 2r, hence qi[xi,03] C 
A/2rr (Sat (q2[x2, O3])), where r = r(L, C). In particular y\ is contained either in A/2-rr(q2[x2, O3]) 
or in N2rr{B) for B G A such that Mm{B) intersects q2^2, C*3]- 

Case (a)I. Suppose that j/2 £ q2[^2,Oi]. 

Case (a)I.l. Suppose that y\ G A/2rr(<l2[a ; 2; O3]). Then there exists u G q2[^2; O3] such that 
dists(yi, u) < 2rr. It follows that dists(u, X2) > dist^u^^ ^2) > D — 2r — 2rr. Inequality (26) 
implies that 

dist s (u,y 2 ) > ^-[dist(u,x 2 ) +dist(x 2 ,y 2 )] - Ci > — (2D - 4r - 2rr) - d . 

On the other hand dist(it, 2/2) < 2rr + 2r. Hence D < 2r + rr + L\(r + rr + C\/2). 

Case (a)1.2. Assume that y± G M2 T r(B), where B G A is such that Mm{B) intersects 
q2[^2, 03]- Let w 2 be a point in Mm{B) n q 2 [x 2 , 03]- 

Suppose that q2 [2:2, 2/2] nAT2 Tr (-B) 7^ 0. Let z 2 be a point in the previous intersection. Then 
12^2, z 2 \ has its endpoints in M X (B), with % = max(M, 2rr + 1). Consequently q2[^2 5 -Z2] C 
M TX (B). In particular X2 is contained in J\f TX (B) and distsu«(?/i7 x 2 ) < r(2r + %) + 1, hence 
D < r(2r + x) + 2r + 1. 
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Suppose that q2[a?2,2/2] nAT2 Tr (-B) = 0. We have that X2 is in q2[^2,y2]- Also, q2[^2,2/2] has 
its endpoints in J\f x (B), with \ = max(M, 2r(r + 1)). Consequently q2[w2,2/2] C N TX (B). In 
particular X2 is contained in M TX {B) and distsuMz/i, ^2) < T(2r + x) + 1> hence D < r(2r + 
x) + 2r + l. 

Case (a)II. Suppose that 1/2 G c\2[x2,Os}. If 7/3 € q3[^3,Oi] then we repeat the previous 
argument with 7/1 replaced by 2/3. If 2/3 G qs[x3, O2] then we repeat the previous argument with 
(2/1,2/2) replaced by (7/3,2/1)- 

(b) We denote distsu^(x, A) by D. We note that for every point y in Af r (A) n (qi U q2 U q 3 ) 
we have that dists (xj , y) > distsun(xi, y) > D — 2r for i = 1,2,3. We choose yi G M r {A) n 
qi, i = 1,2,3. Suppose 7/1 G qi[£i,0 3 ]- Like in case (a), we have that y\ is contained either in 
NirriPtifci, O3]) or in J\f2 Tr (B) for some B e A such that Mm{B) intersects q2[a?2, O3]. 

Case (b)I. Suppose that y2 G q2[^2; Oil- 
Case (b)I.l. Assume that y\ G M2 T r((\2[x2, O3]). Then there exists u G q2[^2, O3] such that 
dists(yi, u) < 2rr. It follows that u G N r (\ + 2 T )(A) which together with 7/2 G A/" r (-A) implies that 
q2[«, 2/2] G N Tr (i + 2 T ){A). In particular x 2 G N Tr (i + 2 T ){A) , therefore D < r + rr(l + 2r). 

Case (b)1.2 Suppose y\ G J\f2 Tr {B), with Bei such that Nm{B) intersects q2[^2,Os]. Let 
W2 be a point in Mm(B) n q2[#2,03]. 

Suppose that q2[£2,2/2] nJV2 Tr (6) 7^ 0. As in the proof of part (a), Case 1.2, we obtain that 
distsuft(yi, x 2 ) < r(2r + x) + 1, whence D < r(2r + x) + 2r + 1. 

Suppose that q2[^2, 2/2] nA/"2rr(-B) = 0- Then £2 is in q2 [w/2 , 2/2] ■ On the other hand, q2[w2,2/2] 
has its endpoints in the M-tubular neighborhood of Sat 2rr ([yi, 7/2])- It follows that q2[^2,2/2], 
in particular X2, is in the tM-tubular neighborhood of Sat 2rr ([7yi, 7/2])- in Cayley(G, S U 
H), Sat 2rr ([yi, 1/2]) is contained in the (2rr + l)-tubular neighborhood of [2/1,2/2]- Since in 
Cayley(G, S) we have that [7/1, 1/2] C J\f Tr (A), we deduce that in Cayley(G, S U H), 22 is in the 
(tM + 3rr + l)-tubular neighborhood of A. Hence D < iM + (3r + l)r + 1. 

Case (b)II. Suppose that 7/2 G q2^2,03]- Then we can use the same argument as in Case 
II of part (a). □ 

Proof of Proposition 8.16, (2). By Lemma 8.19 we are either in case (C) or in case (P). 

Case (C). Let y G C« (qi, q2, q 3 ). According to Lemma 8.17 we have either (i) or (ii). Suppose 
that (i) is satisfied. Then, by Lemma 8.20, (a), dist^^x, y) < D, where D = D(a,R,L,C). 

Suppose that (ii) is satisfied, that is y G Af K (B) and J\fg(B) intersects each of the three almost- 
geodesics qi, q2, q 3 . Lemma 8.20, (b), implies that distsun( x i B) < D, where D = D((3, R, L, C). 
Therefore distsuft(x, 2/) < D + k + 1. 

Case (P). Let y G C« (qi, q2, q 3 ). Suppose that y satisfies (i). Lemma 8.20, (b) implies that 
dists uw (y, A) < D, with D = D(a, R, L, C). 

If y satisfies (ii) of Lemma 8.17, then the unicity stated in (P) implies that y G J\f K (A), hence 
that dist5 UW (y, A) < k. 

We may conclude that in all cases the diameter of the set C«(qi, q2, qs) in the metric dist^uw 
is uniformly bounded. □ 

We now define a system of lines and centers in Cayley(G, S U H) such that the properties 
in Section 8.1. A are satisfied. 

First of all, for every pair of vertices u, v in Cayley(G, S U Tt) we choose and fix a geodesic 
[u, v] in Cayley(G, S) joining the two points. Let Mq = M(l, 0) and let kq be the constant given 
by Proposition 8.16 for fi = Mq. We may suppose that kq > Mq. For every pair of vertices u, v 
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in Cayley(G, S U H), we define A uv as jV K0 (Sat([w, v])). The relation on it is denned as follows: 
to every x G A/" K() (Sat([n, v])) we associate one nearest point (projection) x' G [u,v] and we put 
x <uv V if x' is between u and y' . Properties (h), (I2), (h) are obviously satisfied. 

We define the function (f> by choosing, for every three vertices u, v, w in Cayley(G, S) a 
point C uvw in C^°([u,v], [u, w], [v,w]) and defining <fi(u,v,w) = cf> o a(u,v,w) = C uvw for every 
3-permutation a. We choose C uuv = u. 

Properties (ci), (02), (03) are satisfied. Before proceeding further, we prove some intermediate 
results. 

Lemma 8.21. For every a > there exists A = A(a) suc/i t/iat i/ie following holds. Let [u,v] 
be a geodesic and let A € A be such that Af a (A) n [u,v] 7^ 0. Xei x be a point in J\f a (A) and let 
x 1 € [u,v] be a projection of x. Then x' G N\(A). 
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Figure 9: Projection of a point onto the saturation. 

Proof. Suppose that x' ^ J\f a (A). Lemma 8.15 implies that there exist t € [u,v] D J\f a (A) and 
s € [x',x] n JV a (A) such that the sets [x',t] r\J7 a (A) and [x',s] nJ7 a (A) have diameters at 
most d, where d = f(cc). Corollary 8.14 implies that dist(s,t) < D\. On the other hand, 
since dist(x,x') < dist(x,t), it follows that dist(s,x') < dist(s,t) < D\. We conclude that 
dist s (x',A) <Di + a. □ 

Corollary 8.22. Let x be a point in 7V K (Sat /1 ([n, v])) and let x' G [u,v] be a projection of x. 
Then dist 5uW (x, x') < x, where x = x(«)A«)- 

Proof. Since x G A/" K (Sat M ([u, v])) it follows that either x G M K ([u,v]) or x G A/" K (A), where 
Nn(A) n [u, u] 7^ 0. In the first case it follows that distsuw^ x ') < k, while in the second case 
we may apply Lemma 8.21. □ 

Corollary 8.23. Let u,v be a pair of vertices in Cayley(G, SUH) and let x, y G A uv and x', y' 

their chosen respective projections on [u,v]. Then, in Cayley(G, SUTC), A uv [x,y] = A uv [y,x] is 
at Hausdorff distance x of [x',y'] C [u, v], where x = x(G). 

Before proving properties (I), (II), (III), we make some remarks and introduce some nota- 
tions. 
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Remarks 8.24. 1) For every quasi-geodesic q in Cayley(G, S), we have that Sat M (q) is in the 
(jjL + l)-tubular neighborhood of q in Cayley(G, S U H). 

2) Lemma 8.17 implies that there exist two constants rj and c such that for every three 
geodesies [u, v], [v , w], [u, w] in Cayley(G, S) every point x G Cj^°([u, v], [v, w], [u, w]) satisfies 
one of the following two properties: 

(i) the ball B(x,rf) intersects each of the three geodesies [u,v], [v,w], [u,w]; 

(ii) x G J\f KQ (A) and M C (A) intersects each of the three geodesies [u,v], [v,w], [u,w]. 

We note that the constants r/ and c depend on Mq and kq, so they depend only on G. We 
may suppose without loss of generality that c > Mq. 

3) Lemma 8.21 implies that there exists £ such that if [u, v] is a geodesic, A G A is such that 
Af c (A) intersects [u, v] and x is a point in Af K0 (A), then any projection of x on [u, v] is in M^(A). 
The constant £ depends on max(c, kq), so it depends only on G. Without loss of generality we 
may suppose that £ > Mq. 

4) In the sequel we denote the constant 5(1, 0, c) provided by Lemma 8.15 simply by 5. 

Proof of properties (I), (II), (III). 

(I). Let x = (p(u,v,w) and let x\ and X2 be the chosen projections of x on [u,v] and on 
[u, w], respectively. According to Corollary 8.23, it suffices to prove that [u, x±] and [u, X2] are at 
uniformly bounded Hausdorff distance in Cayley(G, S U H). The point x = (f)(u,v,w) satisfies 
either (i) or (ii) from Remark 8.24, part 2. 

Suppose x is in case (ii). Then x G J\f Ko (A) such that Af c (A) intersects the three geodesic 
edges. Lemma 8.21 implies that x±,X2 € N%(A). The geodesic [u, x±] has its endpoints in 
A/^(Sat^[u, £2]). Lemma 8.10 implies that [u, x\\ is entirely contained in A/" T g(Sat^[u, £2]). It 
follows that [u, x\] is in the [(r + 1)£ + l]-tubular neighborhood of [u, X2] in Cayley(G, S U H). 
A similar argument done for [u, X2] allows to conclude that (I) is satisfied. 

Suppose x is in case (i). Then dists(x, Xi) < rj for i = 1,2. Hence dist,g(xi, £2) < 2ry and 
[u, Xi] has its endpoints in A/2r?(Sat[u, Xj]), for = {1,2}. We repeat the previous argument. 

(II) The fact that distsuniPi °) ^ 1 means that either dists(p, q) < 1 or p,<j £ Aq, where 
Aq G A. Let x = (f)(u,v,p) and y = 4>(u,v,q). We have to show that A uv [x,y] has uniformly 
bounded diameter in Cayley(G, S U H). Let xo and yo be the respective projections of x and 
y on [u, v\. Corollary 8.23 implies that it suffices to prove that [a;o>Z/o] has uniformly bounded 
diameter in Cayley(G, S U H), where by [xo)2/o] we denote the sub-arc of [u,v] of endpoints 
xo,yo- 

Suppose that both x and y are in case (i). We have that xo £ J^2r][u,p] flA^ij^p] and that 
yo £ N2r)[u, q] nJ\f2 V [v, q]. Since [u,p] C A/" T (Sat[tt, q]) and [v,p] C M T (Sat[v, q]), we conclude that 
x ,y G C^ T ([n,g], [n,u]), hence that [x ,yo] C C^ +r) ([n, g], We complete 

the proof by applying Proposition 8.16. 

Suppose x is in case (i) and y is in case (ii). The case when x is in case (ii) and y is in case 
(i) is discussed similarly. As above we have that xo G C^° +T {[u,q], [v,q], [u,v]). We have that 
y G J\f K0 (A) such that Af c (A) intersects [u,q], [v,q], [u,v]. Lemma 8.21 implies that yo G J\f^(A). 
Then y G C£([u,q], [v,q], [u,v]). As previously we obtain that [x ,yo] C C!j., r ([u,q], [v,q], [u,v]), 
where r = max(2r/ + r , £), s = max(Mo, c) and r' = t'(s). Proposition 8.16 allows to complete 
the argument. 
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Suppose that both x and y are in case (ii). Then x G M K0 (A) such that M C {A) intersects 
\p,u], [p,v], [u,v]. Let p\ G [u,p] nM c (A) and p2 G [v,p] P\Af c (A) be such that \p,Pi] nJ7 c (A) has 
diameter at most D, i = 1,2. Likewise we consider ui G [it, u] nA/" c (A) and 112 G [u,p] njV c (-A) so 
that [u, Uj\ C\N C {A) has diameter at most t>, and v\ G [p, u] (~)J\f c (A) and «2 G [it, v] C\J\f c (A) so that 
[f,Vj] fl J\f c {A) has diameter at most 0. Corollary 8.14 implies that dists(pi,p2), dists(«i, 1x2) 
and dists(«i, V2) are at most (, where C = C(C). 

We have that either A C Sat[u, q] or 7V C (^4) n J\f T (Sat[u, q\) has diameter at most 7, where 
7 = 7(G). The latter case implies, together with the inclusion [u,p] C J\f T (S&t[u, q]), that 
dist(pi,«2) < 7- Thus, we have that either A C Sat[u, q] or dist(pi,«2) < 7- Likewise, we 
obtain that either A C Sat[i;, </] or dist(p2j^i) < 7- 

Suppose that dist(pi,it2) < 7. Then dist(pi,iti) < 7 + £, hence B(p\,j + £) intersects 
[p, it], [p, i>], [11, v]. We can argue similarly to the case above when x is in case (i) and y is in case 
(ii), with x replaced by p\ and r] by 7 + £. We obtain that if p' x is the chosen projection of pi 
on [u, v] then [p'^yo] has the diameter bounded in Cayley(G, 5UH) by a constant depending 
on C Since [xo,yo] C [#o>Pi] U [p'i,yo]) it remains to prove that [#o,Pi] has bounded diameter 
in Cayley(G, S U W). Lemma 8.21 provides for a = max(Ko,c) a constant A. We have that xq 
and Pi are in Af^(A), hence that [xojPi] C J\f r(A). We conclude that the diameter of [xo>Pi] m 
Cayley(G, S U TL) is at most 2rA + 1. A similar argument works if dist(p2, v±) < 7. 

Now suppose that A C Sat[u, q] n Sat[u,g]. Lemma 8.21 implies that xo G M^(A). Since y is 
also in case (ii), we have that y G J\f KQ (B) such that M C {B) intersects the three geodesic edges 
[q, u], [q, v], [u, v] and that y G Af^(B). We have that iUBC Sat c [u, q] D Sat c [i;, q] D Sat c [n, v]. 
Lemma 8.10 implies that [xo,yo] C C^([q,u], [q,v], [u,v]) and Proposition 8.16 allows to finish 
the argument. 

(Ill) Let u,v,w be three vertices such that w G J\f Ko (S&t[u, v]). Let x = <j>(u,v,w). Let wq 
and xq be the projections of w and x respectively on [u,v]. We bound the diameter of [xo,t«o] 
in Cayley(G, SllH). 

We have x,w G CM°([u, u], [u, u;], [v, w]). Suppose both x and w are in case (i). Then 
x ,w G C^,,([u,t;], [u,w], [v,w]), consequently [x ,w ] C C™l o+ ^([u,v],[u,w],[v,w]) and we 
apply Proposition 8.16 to obtain the conclusion. 

Suppose that x is in case (i) and w in case (ii). The case when x is in case (ii) and w in 
case (i) is similar. The ball B(x,rj) intersects the three edges and w G N Ko {A) such that J\f c (A) 
intersects the three edges. Lemma 8.21 implies that wo G M^(A) C C|([it, v], [u,w], [v,w]). The 

point xo is in C^ KQ ([u,v], [u,w], [v,w]). It follows that [xo,^o] C C^., r ([u,v], [u,w], [v,w]), where 
r = max(?7 + kq , £), s = max(Mo, c) and r' = r'(s). We apply Proposition 8.16. 

Suppose that x and w are both in case (ii). We have that x G J\f K0 (A) and w; G J\f KQ (B) 
such that both Af c (A) and M C (B) intersect the three edges. We also have that xq G A^(A) and 
wo G Af^(B), hence [xo, wo] C C^([u, i>], [it, w], [v, w]). We end the proof by applying Proposition 
8.16. " □ 

Proposition 8.7 implies that Cayley(G, S UH) is hyperbolic. Moreover we have that A uv is 
at bounded Hausdorff distance from every geodesic connecting u and v in Cayley(G, S U Tt). 
Since in the previous argument the choice of the geodesies [u, v] in Cayley(G, S) was arbitrary, 
we have the following. 

Proposition 8.25. Every geodesic in Cayley(G, S) joining two points u and v is at bounded 
Hausdorff distance in Cayley(G, SUH) from any geodesic joining u and v in Cayley(G, SUri). 
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8.2 The BCP Property 



Given two vertices u, v in Cayley(G, S U TL), we denote by [u, v] a geodesic joining them in 
Cayley(G, S) and by g uv a geodesic joining them in Cayley(G, S U TL). 

Definition 8.26. For a path p in Cayley(G, S U TL), we denote by p a path in Cayley(G, S) 
obtained by replacing every Ti-component s in p by a geodesic in Cayley(G, S) connecting s_ 
and s + . We call p a lift of p. 

We now prove the following. 

Proposition 8.27. If G is asymptotically tree-graded with respect to {H±, . . . , H m } and G is 
weakly hyperbolic relative to {Hi, . . . , H m } then the pair (G, {Hi, . . . , H m }) satisfies the BCP- 
property. 

Proof. Let A > 1. Let p and q be two A-bi-Lipschitz paths without backtracking in Cayley(G, SU 
TL) such that p_ = q_ and dists(p+, q + ) < 1. 

(1) Let s be an ^-component of p contained in a left coset A G A, and let dists(,s_, s+) = D. 
We show that if D is large enough then q has an "^-component contained in A. 

Notations: In this section M denotes M(A, 0), the constant given by (a' 2 ) for 6 = ± and (L,C) = 
(A,0). 

The graph Cayley(G, S U TL) is hyperbolic. Therefore for the given A there exists x = x(A) 
such that two A-bi-Lipschitz paths p and q in Cayley(G, S U TL) with distsuH(P-> 1-) < 1 and 
dist5uw(p+> q+) < 1 are at Hausdorff distance at most k. 

Step I. We show that for D > D (G), some lift q of q intersects M M '(A), where M' = M'(G). 

We choose u on the arc p[p_,s_] such that either the length of p[u, s_] is 2A(x + 1) or, 
if the length of p[p_,s_] is less than 2A(x + 1), u = p_. Likewise we choose v on the 
arc p[s + ,p + ] such that either the length of p[s + ,w] is 2A(x + 1) or v = p + . We have that 
dist,su«(^> dist5u , w('S+, v) G [2(x+ 1) , 2A 2 (x + 1)], in the first cases. 

There exist w and z on q such that distsu^u, w) < x and distguw(^) z ) < x - We consider 
UW and g vz geodesies in Cayley(G, S U TL). 

Let u' be the farthest from u point on q uw which is contained in the same left coset B € A 
as an H-component a of p[u, v\. Suppose that a PI p[s_, v] / 0. We have that 

dist 5uw (u, u') > dist 5uw (u, a + )-l> ^length (p[u, a+]) - 1 > ^length (p[u, s_]) - 1 > 2x + 1 . 

This contradicts the inequality distsu^(u, n') < x. Therefore <r is contained in p[u, s_]\{s_}. 
We choose v' the farthest from v point on q vz contained in the same left coset as a component 
a' of p[u, v]. In a similar way we prove that a' is contained in p[s+, v] \ {s + }. It is possible that 
u' = u, a = {u} and/or v' = v, a' = {v}. 

We consider the path in Cayley(G, SUTL) defined as r = Q wu > U Q u i a+ Up[<7+, o-'_]\-\g a /_ v /Ug v ' z , 
where q wu / and q v > z are sub-geodesics of q wu and 9^2, respectively, and Q u ' a+ and are 
composed of one edge. The length of r is at most N = A(4x+5) + 2x. It contains the component 
s. We show that it has no backtracking. By construction and the fact that geodesies do not 
have backtracking ([Os, Lemma 2.23]), we have that the sub-arcs t[w, v'] and t[v! , z] do not have 
backtracking. Suppose that q wu / and g v > z have ^-components in the same left coset. It follows 
that there exists x G g wu i and y G Q v > z with distsuwOcj 2/) < 1. Then &\stsun.(u,v) < 2x+ 1. By 
construction either length p[u, v] > 2A(x + 1) + 1 or u = p_ and v = p + . In the latter case, the 
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Figure 10: Proof of (1) in BCP Property. 



geodesic q wu is trivial, q vz is an edge e in Cayley(G, S), and r = p U e has no backtracking. In 
the former case we have that distsuw( u > v ) > 2x + 2, which contradicts the previous inequality. 

We conclude that r is without backtracking. A lift r of it is composed of n consecutive 
sub-paths, 

t = ti U • • • U x n , (27) 

with n < N, such that each i\ is either 

(Ri) a A-bi-Lipschitz arc both in Cayley(G, S) and in Cayley(G, S U H) of length at most N or 
(R2) a geodesic in Cayley(G, S) with endpoints in some left coset Ai G A. 

Since r is without backtracking, we have that Ai 7^ Aj when i 7^ j. Lemma 8.12 implies that 
r is an (Ljv, CAr)-almost geodesic. 

On the other hand, distsuft(w, z) < length r < N. Hence the length of q[w, z] is at most N\, 
where Ni = XN. As above, a lift cj[i<;,z] decomposes into m consecutive sub-paths, 

q[w,z] = cji U ••• Ucj m , (28) 

with m < Ni, such that each cjj is either 

(Qi) a A-bi-Lipschitz arc both in Cayley(G, S) and Cayley(G, S U H), of length at most Ni or 

(Q2) a geodesic in Cayley(G, S) with endpoints in some left coset Bi G A. 

Since q is without backtracking, we have that Bi 7^ Bj when i ^ j. Lemma 8.12 im- 
plies that q[w, z] is an (Ljv 15 CjvJ-almost geodesic. We denote L' = max(Ljv, L^) and C = 
max(C , Ar,C'Ar 1 ). We denote M' = M(L',C). Lemma 4.25 implies that in Cayley(G, S) the 
path r is contained in the r'-tubular neighborhood of Sat(q[w,z]) = Sat M (q[w , z}), where 
t' = t'(L',C). In particular the component s is contained in J\f T >(Sa±(q[w, z])), hence the set 
J\T T r(Sat(c\[w, z})) DA has diameter at least D. Lemma 4.22 implies that for D > D (L' ,C' ,r') 
we must have that Mm' {A) n q[w, z] / 0. 

Step II. We show that there exist two points w\ and z\ on q[w, z] such that dist5(u;i, s_) < 
D\ and distg^i, s + ) < D±, where D\ = D\(G). We do this by means of Corollary 8.14. 

Lemma 8.15 implies that there exist w\,Z\ G q[w, z] (IMm'^A) such that q[w, w\] and q[z\, z] 
intersect 77 m' (A) in two sets of diameter at most 0i, where di = Qi{L', C, M'). 

We show that r[io,s_] and r[s+,2] intersect 77 m' (A) in two sets of bounded diameter. We 
prove it only for x[w, s_], the same argument works for i[s+, z]. Let x G x[w, sJ\C\J7 m'{A) and let 
dist,s(x, s_) = 5. According to the decomposition (27), we have that x[x, s_] = Utj+i U • • • Utj, 
where i < j, i,j G {1,2, ... ,n} and is eventually a restriction of Xi such that x is an endpoint 
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of it. If all the components are of type (Ri), then i[x, s_] has length at most N and 5 < N. 
Suppose that at least one component is of type (R2)- We have at most N such components. 
Then at least one component t& of type (R2) has the distance between its endpoints at least ^T"- 
On the other hand since x, s_ £ Nm'+i{A) and t[x, s_] is an (Z/, C")-almost-geodesic, it follows 
that t[a;,s_] C J\f T '(M'+i)(A). I n particular tk is contained in the same tubular neighborhood, 
therefore the diameter of A\. (~1 J\f T '(M'+i) (A) is a t least ^jp-. There exists 5q = 6o(L',C',N) 
such that if 5 > 5q then = A. This contradicts the fact that r is without backtracking. We 
conclude that 5 < So. 

We apply Corollary 8.14 to q[io,u;i] and to r[w;,s_] and we obtain that dists(w;i, s_) < D±, 
where D\ = D\(V \C \5q). With a similar argument we obtain that dists(,zi, s+) < D±. 

Step III. We show that q has a component in A. 

We have that dists(iui, z\) > D — 2D\ and that ij[it>i,zi] C Af T 'D 1 (A). The decomposition 
(28) implies that q[u>i, z{\ = q' k U c\k+i U ■ • ■ U qi-\ U q[, where k < I, k, I € {1, 2, . . . , N±} and q' k , 
q[ are eventually restrictions of q^, q^, respectively, with endpoints W\ and z±. If D — 2D\ > N\ 
it follows that q [^1,2:1] has at least a component of type (Q2)- Since it has at most N\ such 
components, we may moreover say that q[u>i,zi] has at least a component q» with endpoints at 
distance at least D ~ 2 ^ i 1 ~ jVl . Consequently the diameter of B{ n W r ' d x (A) is at least D ~ 2I ^\~ Nl ■ 
For D large enough we obtain that Bi = A. We conclude that q has a component in A. 

(2) Suppose that s and t are "H-components of p and q, respectively, contained in a left coset 
A € A. We show that dists(s_, i_) and dists(s + , t + ) are bounded by a constant depending on 
G. 

We take u £ p[p_,s_] either such that the length of p[u, s_] is 2A(x+ 1) or, if the length 
of p[p_,s_] is less than 2A(xr+ 1), u = p_. Likewise wc take v S p[s + ,p + ] either such that the 
length of p[s+,w] is 2A(x+ 1) or, if the length of p[s + ,p + ] is less than 2A(x+ 1), v = p+. 

Since dist5uw( s -) t-) < 1 an< i Cayley(G, SUTt) is hyperbolic, there exists w € q[q_ , t_] 
such that distsuH^i w) < x. Similarly, distsu^(s + , t+) < 1 implies the existence of z € q[t+, q+] 
such that dist5uH( w ) z) < x. We consider two geodesies g uw and q vz . As in Step 1 of the proof 
of (1), we show that the path q wu U p[u, v] U q vz can be modified to give a path r with endpoints 
w and z and of length at most N, without backtracking, containing s, such that any of its lifts, 
r, decomposes as in (27) and it is an (L', C")-almost-geodesic. Again as in Step I of the proof of 
(1), we show that the length of q[w, z] is at most N\ and that any lift q[w, z] decomposes as in 
(28) and it is an (L', C")-almost-geodesic. 

With an argument as in Step II of the proof of (1), we show that i[w, s_] and r[s+, z] intersect 
Mm'(A) in sets of diameter at most Sq. The same argument can be used to show that q[w, i_] 
and q[t+,z] intersect Mm'{A) in sets of diameter at most 6' = 6' (L' , C' , N±) . Corollary 8.14 
implies that dists(s_,t_) and dist5(s + , t + ) are at most D\, where D\ = Di(L',C',Sq,5q). □ 

8.3 The Morse Lemma 

Proposition 8.25 can be strengthened to the following statement. 

Proposition 8.28. Let q : [0,£] — > Cayley(G, S) be an (L,C)- quasi- geodesic and let p be a 
geodesic in Cayley(G, S U H) joining the endpoints of q. In Cayley(G, S) the quasi- geodesic 
segment q is contained in the T-tubular neighborhood of the M -saturation of the lift p of p. 
Conversely, the lift p is contained in the T-tubular neighborhood of the M -saturation of q. The 
constants T and M depend on L,C and S. 
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Proof. According to Proposition 8.25, the Hausdorff distance from q to p in Cayley(G, S U Ti) 
is at most x. We divide p into arcs of length 3(x + 2), with the exception of the two arcs at 
the endpoints, which can be shorter. Let s be one of these arcs. Consider u on the sub-arc of p 
between p_ and s_ such that either distsuH( w ) s -) = x + 2 or it = p_. Likewise let v be a point 
on the sub-arc of p between s + and p + such that either dists'uw(" s +) v ) = x + 2 or i? = p + . Let w 
and z be two points on q at distance at most x from u and v respectively, in Cayley(G, SLiTi). 

We repeat the argument from the proof of Proposition 8.27, Step I. Consider g uw and g vz 
geodesies in Cayley(G, S U Ti). Consider v! the farthest from u point on Quw contained in the 
same left coset as an H-component a of p. Likewise let v' be the farthest from v point on 
g vz contained in the same left coset as an H-component a' of p. Then a does not intersect s, 
otherwise the distance from u to s in Cayley(G, S U Ti) would be at most x + 1. Similarly, a' 
does not intersect s. 

Consider the path in Cayley(G, S U Ti) defined as r = g wu i U g u ' a+ U p[o+, cr'_] U g a / v i U g v / z , 
where g wu / and q v i z are sub-geodesics of g wu and g vz , respectively, and g u 'a + and g a < v > are 
composed of one edge. It has no backtracking and its lift r is an (L', C")-quasi-geodesic, where 
V and C depend on the length of r, hence on x. It has the same endpoints as a sub-quasi- 
geodesic of q of endpoints w and z, hence it is contained in the T-tubular neighborhood of the 
M-saturation of it, where M = M(L, C) and T = T(L, C, x). In particular this is true for the 
lift of s. Since s is arbitrary, we have obtained that the lift p is contained in the T-tubular 
neighborhood of the M-saturation of q. 

We now consider q endowed with the order from [0, i\ . We consider the path q in Cayley (G, SL) 
Ti) obtained by deleting the part of q between the first and the last point in q contained in the 
same left coset, replacing it with an edge, and performing this successively for every coset inter- 
secting q in more than one point. Then, for a constant D to be chosen later, we divide q into 
arcs t such that t+ is the first vertex on cf (in the order inherited from q) which is at distance 
D of t-. We start constructing these arcs from q_ and we end in q + by an arc which possibly 
has endpoints at distance smaller than D. Consider t one of these arcs. Let u be a point on q 
between q_ and i_ with the property that it is at distance x+2 of t. If no such point exists, take 
u = q_. Similarly, take v a point on q between t+ and q+ with the property that it is at distance 
x + 2 of t, or v = q + . There exist w and z respectively on p at distance at most x from u and 
v. Then distsu^w, z) < 2x+ 2(x + 2) + 6D. It follows that the lift p wz of the sub-geodesic p wz 
of p of endpoints w and z is an (L", C")-quasi-geodesic, where L" and C" depend on x and D. 

As above we choose v! G g uw and a an "^-component of q in the same left class as v! . The 
choice of u implies that a does not intersect t, otherwise u would be at distance at most x + 1 
of t. Likewise we choose v' and a', and we construct the path r' = g wu > U g u > a+ U?[c+,0"-] U 
g a i_ v > U g v i z in Cayley(G, S U Ti) of bounded length, with cf[cr+,</_] containing t. As in the 
proof of Proposition 8.27, Step I, the sub-arcs r'fw,^'] and r'fu',^] do not have backtracking. 
Suppose that g wu i and g v > z have "^-components in the same left coset. Let w' and z' be the 
nearest points to u' and respectively v' contained in the same left coset. Lemma 8.12 implies 
that [ = g a+u ' U Qu'w' U Sw'z' U 2 v U g v r a >_ , which has length at most 2x + 3, lifts to an 
(Li, Ci)-quasi-geodesic, where (Li,C±) depends of x. It follows that the sub-arc of q between 
<7 + and a'_ is contained in the r-neighborhood of the M'-saturation of I, where M' = M'{>c) 
and r = r(x, L, C). It follows that the diameter of cf[<r + , a'_\ is at most 2r + 2 + 2M' + length I. 
Hence D < 2(r + 1 + M' + x) + 3. Thus, if we take D = 2(r + 1 + M' + x) + 4, we get a 
contradiction. 

We conclude that r' has no backtracking, hence it lifts to a quasi-geodesic, by Lemma 8.12. 
We make a slight change when lifting it to a path f', in that the sub-arcs in q are lifted to the 
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corresponding sub-arcs of q. We obtain a quasi-geodesic r' with the same endpoints as pyjz: hence 
contained in the T-tubular neighborhood of the M-saturation of it, where M = M(L, G, x) and 
T = T(L,C,x). In particular this applies to the lift of t. Since t was arbitrary, this allows to 
obtain the desired statement for q and p. □ 

Proposition 8.28 together with Proposition 8.25 and Lemmas 4.25, 4.26 and 4.28 imply 
Theorem 1.12. 

8.4 Undistorted subgroups and outer automorphisms of relatively hyperbolic 
groups 

Theorem 8.29. Let G = (S) be a finitely generated group that is hyperbolic relative to subgroups 
Hi,...,H n . Let G\ = (Si) be an undistorted finitely generated subgroup ofG. Then G\ is rela- 
tively hyperbolic with respect to subgroups H[, H' m , where each H[ is one of the intersections 
dngHjg- 1 , g^G. 

Proof. Since G\ is undistorted, there exists a constant D > 1 such that for every element g £ G\, 
\d\si < D\g\s- Here by \g\s and \g\s 1 we denote the length of g in G and G\ respectively. We 
can assume that S\ C S so that the graph Cayley(Gi, Si) is inside Cayley(G, S). Then every 
geodesic in Cayley(Gi, Si) is a (D, 0)-quasi-geodesic of Cayley(G, S). 

Step I. Let us prove that for every coset gHi and every constant C > there exists C' = 
C'(C,g,i) > such that G\ P\J\fc(gHi) C Nc'{G\ n gHig~ v ). By contradiction, let (xj)jg® be 
a sequence of elements in G\ such that xj = ghjPj £ G\, hj £ Hi, \pj\s < C, and dist(xj, G\ PI 
gHig^ 1 ) > j for every j. Without loss of generality we can assume that pj = p is constant. 
Then XjX^ 1 £ Gi PigHig' 1 . Hence dist(xj,Gi D gHig^ 1 ) < \xi\s, a contradiction. 

Step II. Let R > and let gHi be such that N R (gHi) n Gi ^ 0. 
We prove that for every K > there exists K' = K'(K, R) such that 

Gi nNjcigHi) c N K ,(Gi ngijHa' 1 ) 

for some gi £ G\ and some 7 £ G with (7)5 < R. 

Fix K > and define i^' as the maximum of numbers C'(K,j,i) defined in Step I taken 
over all i £ {1, 2, . . . , n} and all 7 £ G with I7I5 < i?. 

Let g £ G be such that Gi fl ftfn(gHi) 7^ 0. Let 51 be an element of the intersection. Then 
gi l M R {gHi) = Naig^gHi) contains 1, hence g^gHi = jHi where I7I5 < R. 

Step I and the choice of K' imply that 

Gi r\M K {iHi) c N K >{Gi n 7 ^7 _1 ) • 

Multiplying this inclusion by gi on the left, we obtain 

GinM K (gHi) c ^(Gin M V). 

Step III. Let R = M(D,0, |) be the constant given by the property (a' 2 ) satisfied by the 
left cosets {gHi \ g £ G, i = 1, 2, . . . , n} in Cayley(G, S). 

For every i £ {l,...,n} consider the following equivalence relation on the ball B(1,R) in G: 

7 ~i 7' iff Gi 7 Hi = GiiHi. 

For each pair (7,7') of ~j-equivalent elements in B(1,R) we choose one gi £ G\ such that 
7 £ gij'Hi. Let G be the maximal length of these elements g\. 
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Let M. be the collection of all nontrivial subgroups of G\ in the set 

{d n jHa' 1 | i G {1, 2, . . . , n} , | 7 |s < i?}. 

By Step II, this collection of subgroups has the property that for every K > there exists 
if' = K'(K, R) such that for every g G G with M R {gHi) n Gi ^ 0, we have 

G 1 nM K (gH i )ctf K >(9iH) (29) 

for some 31 € Gi and H € M. 

We say that two non-trivial subgroups Gi ri7-ffj7 -1 and GiC\(3Hi(5~ l from .M are equivalent 
if 7 ~j /3. 

Let H[,...,H' m be the set of representatives of equivalent classes in M.. If At is empty, we 
set m = l, H[ = {1}. 

Notice that for every H £ M there exists j G {1, m} such that is at Hausdorff distance 
at most G from a left coset ^i^j from G\. Indeed, H = ~iHa~ l n Gi. Let = (3Hi(3~ l n Gi 
be equivalent to i?. Then 7 = g(3h for some 3 G Gi, h £ Hi, where \g\ < C. Then 

H = gPhHih-^^g- 1 n Gi = , 

from which we deduce that H is at Hausdorff distance at most G from gH'y 

Hence (29) remains true if we replace M by the smaller set {H[, H' m } and K' by K' + G. 

We shall prove that G\ is relatively hyperbolic with respect to {H[, . . . ,H' m } by checking 

1 

properties (a±), (a^ ), (cts) from Theorem 4.1 and Remark 4.2 for the collection of left cosets 
{giH'j I 01 G Gi,j = l,2,...,m}. 

Property (a±). Consider 3i#j / 3i^- We have that 
Ns&H^nMsigiHl) c M 5 {g 11 H ijl - 1 )^N 5 {g' 1 i'H ik { 1 1 )- 1 ) c M s +R{9nH i .)nN s + R {cf 1 jH ik ) . 

Suppose that 317^ = g'ii'H ik . Then (3i7)~Vi7' G hence 317^ = g'll'H^. We 
deduce that = Therefore 317 = g'-fi'h for some h £ Hi.. Hence 7 ~j. 7', so 7 = 7'. We 
deduce that gi^Hi^ 1 = g l \ r jHi j r y~ 1 . So g\H'- = g[H' k , a contradiction. 

Thus, gi^H,^ / g' 1 / y'Hi k . Property (a±) satisfied by the left cosets {gHi | g G G, z = 
1, 2, . . . , n} allows to complete the proof. 
1 

Property (a 2 6D ). Let 6>i G [0, ^). We may write 6»i^, with (9 G [0, |). Let g: [0,£] -> 
Cayley(Gi, S*i) be a geodesic of length £ in Cayley(Gi, Si) with endpoints in Ne^giH'-) C 
Af$ 1 e+R{gi'yHi), where \~f\s < R and z G {1,2, ... ,n}. Then g is a (D, 0)-quasi-geodesic in 
Cayley(G,S). 

Suppose that £ < 6DR. Then g is contained in the (3D-R + -R)-tubular neighborhood of g\H'- 
inCayley(G 1 ,5 1 ). 

Suppose that £ > 6Di?. Then the endpoints of g are contained in M^ e+ i^±(g\'jHi) C 
Ni±(gi'jHi) in Cayley(G, 5). Since the property (a 2 ) is satisfied by the cosets of Hi in G, it 

3 D 

follows that g intersects M R (gijHi). Hence g intersects G\ nJ\fn(gijHi) = g\[G\ HAf^jHi)] C 
giJ\f R/ (H'j) where R' = R'{R, R) is given by Step II. 

We conclude that g intersects .A/at (31 -Hp in Cayley(Gi, Si), for M' = sup(DR',3DR + R). 

Property (03). We use the property (29) of {H[, . . . , H' m } and the property («g) satisfied by 
the cosets of groups Hi. 
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Fix an integer k > 2. Let P be a (•&, 2, 8P)-fat geodesic /c-gon in Cayley (Gi, S±) for some 
Then P has (D, 0)-quasi-geodesic sides in Cayley(G, S) and it is 2D, 8D)-fat. Consequently, 
for i9 large enough, by property (a' 3 ) satisfied by the left cosets {gHi \ g G G, i = 1, . . . , n}, the 
fc-gon P is contained in a tubular neighborhood Af^(gHi) in Cayley(G, S 1 ) for some x > 0. 

Suppose that all edges of P have lengths at most 3Px in Cayley (Gi, Si). Then P has 
diameter at most 3kDx in the same Cayley graph. 

Suppose that one edge q of P has length at least 3Dx. This, the fact that P C M^(gHi) 
and property (a' 2 ) satisfied by the left cosets {gHi} implies that g intersects Mn(gHi), therefore 
AfR(gHi) n Gi + 0. 

Then by (29) there exists x' = P) such that 

G^MxigH^aM^gxH'j) 

for some #i <G Gi and j G {1, 2, ... , to}. We conclude that in this case P C N^(g\H'-). 

Thus we can take £ needed in (03) to be the maximum of 3kDx and x' . □ 

Remarks 8.30. (1) If in Theorem 8.29 the subgroup G\ is unconstricted then G\ is inside a 
conjugate of one of the subgroups Pj. 

(2) If the subgroup G\ intersects with all conjugates of the subgroups Pi, H n by hyperbolic 
subgroups then G\ is hyperbolic. 

Proof. (1) Indeed, Corollary 5.8 implies that G\ is contained in the i^-tubular neighborhood of 
a left coset gHi, where K depends only on the non-distortion constants. For every g\ G G\, 
Gi = giG\ is contained in the i^T-tubular neighborhoods of gigHi and of gHi. Since G± is 
infinite, property (ai) implies that g\gH; L = gHi. We conclude that G\ is contained in gHig~ l . 

(2) By Theorem 8.29 G\ is relatively hyperbolic with respect to hyperbolic subgroups, so 
every asymptotic cone of G\ is tree-graded with respect to R-trees, whence it is an R-tree itself. 
Therefore G\ is hyperbolic [Grs]. □ 

Corollary 8.31. Let G be a finitely generated group that is relatively hyperbolic with respect 
to subgroups Hi, ...,H m . Suppose that Hi is unconstricted and that each Hi , i £ {2, . . . ,m}, is 
infinite and either unconstricted or does not contain a copy of Hi. Let Fix(Pi) be the subgroup 
of the automorphism group of G consisting of the automorphisms that fix Hi as a set. Then: 

(1) Inn(G)Fix(Pi) has index at most ml in Aut(G) (in particular, if m = 1, these two sub- 
groups coincide). 

(2) Inn(G) n Fix(Pi) = Innf/^G), where Inn^^G) is by definition {ih G Inn(G) | h G Pi} . 

(3) There exists a natural homomorphism from a subgroup of index at most ml in Out(G) to 
Out(Pi) given by (f> 1— > where g^ is an element of G such that i g<j> <p G Fix(Pi), 
and \h x denotes the restriction of the automorphism to Hi. 

Proof. (1) Indeed, every automorphism of G is a quasi-isometry of the Cayley graph of G. 
Hence 4>(Hi) is an undistorted subgroup of G that is isomorphic to Hi. By Remark 8.30, (1), we 
have that 0(Pi) C gHjg^ 1 for some g G G and j G {1, 2, . . . , m}. In particular i~ 1 ^(Pi) C Hj. 
By hypothesis Hj is unconstricted. If we denote by tp the automorphism i~ 1 <ft, we have that 
il)~ l (Hj) C 7Pfc7 _1 , for some 7 G G and k G {1,2,..., to}. Consequently Hi C ^yH^' 1 . 
We deduce from the fact that Hi is infinite and from property («i) that Hi = ^Hk^f' 1 and 
i~V(Pi) = Hj. In particular every automorphism of G induces a permutation of the set 

{Hi I Hi is isomorphic to Pi}. 
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Therefore we have an action of Aut(G) on a subset of {-Hi, H m }. Let S be the kernel of this 
action. Then |Aut(G) : S\ < ml. The composition of any <p G S with an inner automorphism 
i~ 1 induced by g^ 1 is in Fix(i^i). Therefore S is contained in Inn(G)Fix(i7i). 

(2) Let i g be an element in Inn(G) flFix(.£/i). Then g normalizes Hi, hence by [Os], g G H\. 

(3) This immediately follows from (1) and (2). □ 

9 Appendix. Relatively hyperbolic groups are asymptotically 
tree-graded. By Denis Osin and Mark Sapir 

Here we prove the "if statement in Theorem 8.5. 

Theorem 9.1. Let G be a group generated by a finite set S, that is relatively hyperbolic with 
respect to finitely generated subgroups Hi, H m . Then G is asymptotically tree-graded with 
respect to these subgroups. 

Throughout the rest of this section we assume that G, Hi, H m , an ultrafilter to, and a 
sequence of numbers d = (di) are fixed, G is generated by a finite set S and is hyperbolic relative 
to Hi, ...,H m . We denote the asymptotic cone Cofi^G; e, <f) by C. 

If (<7i), (hi) are sequences of numbers, we shall write g, L < w hi instead of < hi w-almost 
surely". The signs = LU , G w have similar meanings. 

As before, Ti = (U2=i Hi) \ { e }- For every i = 1, m, in every coset of Hi (i = 1, m) we 
choose a smallest length representative. The set of these representatives is denoted by Tj. Let 
% be the set | lim^dgjls) < oo}. For each 7 = (gj) w G % we denote by M 7 the w-limit 

lim L " '(g,jHi) e . We need to show that C is tree-graded with respect to all V = {M 7 | 7 G %, i = 
l,...,,m}. 

We use the notation dists and distsu// f° r combinatorial metrics on Cayley(G, S) and 
Cayley(G, S U H). When speaking about geodesies in Cayley(G, S U H) we always assume 
them to be geodesic with respect to distsuH- 

The lemma below can be found in [Os, Theorem 3.23]. 

Lemma 9.2. There exists a constant v > such that the following condition holds. Let A = pqr 
be a geodesic triangle in Cayley(G, S U Ti) whose sides are geodesic (with respect to the metric 
dis^sun)- Then for any vertex v on p, there exists a vertex u on the union q U r such that 

dists(u, v ) < v. 

Lemma 9.3. Let p and q be paths in Cayley(G, S U TL) such that p- = q-, p+ = and q is 
geodesic. Then for any vertex v G q, there exists a vertex u G p such that 

d\st s (u,v) < (1 + ^)log 2 \p\. 

Proof. Let / : N — > N be the smallest function such that the following condition holds. Let p and 
q be paths in Cayley(G, SUTC) such that P- = q~, p+ = q+, q is geodesic, and \p\ < n. Then for 
any vertex v G q, there exists a vertex wGp such that dists^u, i>) < f(n). Clearly f(n) is finite 
for each value of the argument. By dividing p into two parts and applying Lemma 9.2, we obtain 
f(m + n) < max{/(m), f(n)} + v. In particular, f(2n) < f(n) + v and f(n + 1) < f(n) + v. 
Suppose that 

n = e + 2ei + ... + 2 fe e A; , 
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where € {0, 1} and = 1. Then 

/(n) = /(eo + 2(ei + . . . + 2(e k ^ + 2) . . .)) < 

y + z/+... + z/ +/(l) < 2i/log 2 n. 

2fc times 

□ 

The next lemma can be found in [Os, Lemma 3.1]. 

Lemma 9.4. There is a constant a such that for any cycle q in Cayley(G, SUTL), and any set 
of isolated H- components of pi, . . . ,pk of q, we have 

k 

^dists((pi)_,(pj) + ) < a\q\. 
i=i 

The following lemma which holds for any (not necessarily relatively hyperbolic) finitely 
generated group G and any subgroup H < G. 

Lemma 9.5. For any i = 1, ...,m, 6, a €L%, if 6 ^ a then the intersection Mg C\M a consists of 
at most 1 point. 

Proof Suppose that x,y G Mg n M a . Suppose that 9 = (fj) w , a = {gjY ■ Then 

x = lim w (/ i a j ), y = lim w (/ j s i ) 

for some aj , Sj £ Hi and 

x = lim" (gjbj), y = lim" (gjtj) 

for some bj,tj G -ffj. Since the sequences {fjaj) w and (gjbj)^ are equivalent, we have /jOj = 
gjbjUj, where \uj\s =u> o(dj). Similarly fjSj = gjtjVj, where \vj\s =oj o(dj). From these 
equalities we have 

a j ls j = uJ 1 bJ 1 tjVi. 

Let Uj, Vj be shortest words over S representing Uj and Vj respectively. Let also hj = aJ 1 Si 
and kj = bj x tj. Then there exists a quadrangle 

qi = piplplpl 

in Cayley(G, S) such that (f>(p{) = Ui, 4>(p J 3 ) = V^ 1 and p 3 2 , p 1 A are edges of Cayley(G, S) labelled 
hj and kj 1 respectively. Note that the cycle q 1 contains only two components, namely, p 2 and 
p^, as the labels of p[ and p 3 are words over S. Let A C N be the set of all j such that the 
components p l 2 and pi are connected. There are two cases to consider. 

Case 1. uj(A) = 1. Note that (/>(Fl) represents an element of Hi in G for any j <G A, i.e., 
Sj G w ffj. It follows that 6 = a. 

Case 2. oj(A) = 0. Note that p 2 is an isolated component of qi for any j € N \ A. Since 
uj(N \ A) = 1, applying Lemma 9.4, we obtain 

Ifyls = dist s ((p 2 )-, (P2)+) < a\q J \ < w a(2 + 2o(d,-)) = o(dj). 

This yields 

dist(x,y) = lim w (— distsifjOj, fjSj)) = lim u '(— = 0, 
i.e., x = y. □ 
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The following lemma does use the relative hyperbolicity of G. 

Lemma 9.6. For every i / i' and every 9 £ %, a £ %/ , the intersection Mq n M a consists of 
at most one point. 

Proof. Indeed, repeating the argument from the proof of Lemma 9.5, we immediately get con- 
tradiction with the BCP property. □ 

Lemmas 9.5, 9.6 show that the asymptotic cone C satisfies the property (T\) with respect 
to the set V . Now we are going to prove (T 2 ). 

Lemma 9.7. Let g be a simple loop in C. Suppose that g = lim^gj) for certain loops gj in 
Cayley(G, S), \gj\ < Cdj for some constant C. Then there exists i = l,...,m and 9 E % such 
that g belongs to Mq. 

Proof. Let a 7^ b be two arbitrary points of g, 

a = lim w (aj), b = lim^ (bj), 

where aj, bj are vertices on gj. For every j, we consider a geodesic path qj in Cayley(G, SUH) 
such that (c|j)_ = aj, (c\j)+ = bj. 

According to Lemma 9.3, for every vertex v £ (\j, there exist vertices Xj = Xj(v) G gj[&j, bj] 
and yj = yj(v) £ gj[bj,aj] (here gj[cij,bj] and gj[bj,aj] are segments of gj = gj[aj,bj]gj[bj,aj]) 
such that 

dist s {v,Xj) < 2z/log 2 \gj[aj,bj] \ < 2u\og 2 (Cdj) = o(dj) (30) 

and similarly 

d\st s {v, yj) < 2v\og 2 \Qj[bj,aj]\ < 2u\og 2 (Cdj) = o(dj). (31) 
Summing (30) and (31), we obtain 

dist s (xj,yj) < dist s {xj,v) + dist s (v, yj) = o(dj). 

Thus for any j, there are only two possibilities: either lim aJ (x J ) = \\iri°{yj) = a or lim w (xj) = 
lirn^ (yj) = b, otherwise the loop g is not simple. 

For every j, we take two vertices Vj, Wj € (\j such that 

lim" \xj(vj)) = \vav u (yj(vj)) = a, 

lim" (xj(wj)) = lim w (yj(wj)) = b, 
and distsuH(vj,Wj) = 1. Since linr^ (xj(vj)) = a, we have dist s(xj(vj), a) = w o(dj). Hence 

dists(vj,aj) < dist s(vj,Xj(vj)) + dists (xj (vj ) , aj ) = u o(dj). 

Similarly, 

dists (wj,b) = w o(dj). 

This means that 

lim w ( aj ) = lim w ( Vj ) , and lim w (bj) = lim w ( Wj ). (32) 

For every i = 1, ...,m, set Ai = {j G N | v~ 1 Wj G _£fj}. Let us consider two cases. 

Case 1. uj(Ai) = 1 for some i. Set 9 = (ti(vj))^ £ where U(vj) is the representative of 
the coset Vjiij chosen in the definition of %. Then a, 6 € w M#. Indeed, this is obvious for a 
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since lim w (aj) = lim^^) € Mq. Further, since u- G w ifj, we have t(itfj) = w t{ v j)- Hence 
lim w (6j) = hm u (wj) € Mq. 

Case 2. uj(Ai) = for every i. Recall that vJ 1 Wj € S U H. Thus we have v~ l Wj £^ S. 

This implies \vJ l Wj\s = u 1 and ]im u '(vj) = \\m u (wj). Taking into account (32), we obtain 
lim w (a j ) = lim' 4 '^), i.e., a = b. 

Since a and b were arbitrary points of (3, the lemma is proved. □ 

Now property (T2) immediately follows from Proposition 3.29 and Lemma 9.7. 
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